Solutions to Midterm II

Problem 1: (20pts)

Find the most general solution U(X, Y) of the following equation consistent with the boundary
condition stated
ou ou
y— —X— = 3X, u=x’ontheline y=0 (1)
ox oy

Solution 1: Since the system (1) is linear, the solution is given as a superposition of a
homogenous and a particular solution

u(x, y)=u (x, y)+us(x y)
We start by computing the homogenous solution;

Characteristic Equation:

dy X

dx oy
Characteristic Curves:

C=x*+y?

Homogenous solution:

2 2
u,(x,y)= f(x +y )
Next, we solve for a particular solution to (1)

We assume

U, (x,y)=ax-+by

If we substitute the particular solution into (1),
We obtain
ay — xb = 3x —a=0,b=-3
Hence,
UP(X1 y): -3y
General solution:
u(x,y) = f(x2 + yz)—3y
Ony=0:
u(x,0) = f(x?)=x2
Hence,

u(x,y) =x*+y* -3y



Problem 2: (30pts)
2 2 2
Solve foru(x, y), 68u_58 u 0 u—O

2 + 2
OX oxoy oy

ou
Subject to U=2X+1 and — =4 —6X both on theline y=0

Solution 2:
Characteristic equations:

dy -5+(-5 -46)®) -5+1
dx 2(6) 12

Characteristic Curves:
X+3y=C, and Xx+2y=C,
General solution:
u(x, y)= f(x+3y)+g(x+2y)

Boundary conditions:
u(x,0)= f(x)+g(x)=2x+1 and u,(x,0)=3f"(x)+2g'(x)=4-6x (1,2)

Differentiate (1),
f(x)+g'(x)=2 3f'(x)+2g'(x) = 4 - 6x (3,4)

We solve equations (3) and (4) simultaneously

f'(x)=—6x 9'(X)=2+6x (5,6)
Integrate (5,6)
f(x)=k, —3x? g(x) =k, +2x+3x?
So that
f(x+3y)=k, —3(x+3y)’ g(x+2y)=k, +2(x+2y)+3(x+2y)

Hence,

u(x,y)= f(x+3y)+g(x+2y)=k, —3(x+3y)* +k, +2(x+2y)+3(x+2y)’
Simplify

u(x,y)=2x+4y—6xy —15y? +k_ +k,
Boundary condition

u(x,0)=2x+(k, +k, )=2x+1, =k, +k =1
So that

u(x,y)=2x+4y —6xy —15y* +1



Problem 3: (5pts)
Show that there is no solution of

Viu=f in D Z—u=g on oD (1,2)
n

jg fdv =££gds (3)

Hints: Use the divergence theorem Hj V-FdV = H F -AdS
D oD

In three dimensions, unless

Solution 3:
We integrate (1)

ff v = [ -y @

We now apply the divergence theorem on the right side of (4)

jg fv = ;g (V-Vu)dv = gw.ﬁds _ ﬂ%ds - ﬁ gdS  QED

ob

Problem 4: (45pts)
A thin sheet of metal coincides with a unit square in the Xy — plane . Initially, the temperature in the
sheet is T(X, y,O) = h(X, y). If there are no sources of heat in the sheet, find the temperature at any

point at any subsequent time, given that the right and left faces of the sheet are insulated, the
temperature at the lower edge is maintained at zero, and the temperature at the upper edge is

prescribed by T(x,1,t) =T, cos(nx).

Solution 4:
The governing equation to be solved is
10T 0T o°T 0<x<1
T T Az T a2 (1)
a® ot ox° oy 0<y<1

T,00,y,t)=0, T,(Lyt)=0, T(x0,t)=0, T(xLt)=T,cos(zx), T(x,y,0)=h(x,y)

We define our solution as the sum of a steady and a transient component
T(X, y,1)=0(x, y)+ ®(x, y,t) (2)

We now substitute (2) into (1) and rearrange



1 o0 o*® o°d |0°0 0°0 0<x<1
== + + +

a’ ot Xt oyt | ox* oy’ 0<y<1
0,(00,y)+®, (0,y,t)=0, O ,(Ly)+D,LYy,t)=0, ©O(x,0)+D(x0,t)=0
O(x,1)+ D(x,L,t) =T, cos zx, O(x, y)+d(x,y,0) = h(x, )

We now make the following choices for CD(x, y,t)
100 0°d  0°D 0<x<1
o oy 0<y<1
@, (0,y,t)=0, @, (Lyt)=0, @(x0,t)=0, @(xLt)=0, @(x,y,0)=g(x,y)

And for O(X, y)
2 2 0<x<1
a(;)+a—(?:0, (4b)
oX® oy 0<y<1

0,(00,y)=0, ©,1y)=0, ©(x0)=0, ©(x1)=T,cos(zx)

We solve (4a) by assuming separable solutions of the form,

D(x, y,t) = X ()Y ()T ) (5)
We now substitute (5) into (4a)

VT = XT Xy
(24

We now divide through by CD(X, y,t) = X(X)Y(Y)T ()

1 TI XII Y"
o= (6)
a” T X Y

The left side of (6) is a function of t only. The first term on the right is a function of x only and the last
term a function of Y only. The only way for both sides to be equal is if they are each equal to some

constant say — A2 ,—,u2 .

X” Y” l !
=17, — =—u?, -
X y ¥ o’

—

=4+ p?)

|

By inspection, we have chosen the constants to be negative. So that

X"(X)+ 2X(X)=0,  Y"(y)+£*Y(y)=0, T'(t)+a?(2 + 22T (t)=0 (7a)



For non-trivial solutions, we select our boundary conditions as

X'(0)=X')=Y(©0)=Y(@) =0 (7b)
We now solve (7)
X (x) = ¢, cos(Ax)+ ¢, sin(Ax), Y (y) =c,cos(uy)+c,sin(y), T(t)=csexp(-a?(2? + )
We now apply the homogenous boundary conditions

X'(0)=4c, =0, X'())=-c,Asin(1)=0

For nontrivial solutions, c, =0, A, =Nnrx n=12,.......

So that, X, (x) = c, cos(nzx) (8)
Y(0)=c, =0, Y(@) =c,sin(x)=0

For nontrivial solutions, M, =M m=12,.......

So that Y. (y) =b, sin(mzy)

Hence, Ton (t): A, exp(—aznz(nz + mzl)

The solutions

D (%, .0) = 7 cOS(n)siN(MAY )P |- 0% 4 m )

Since the system is linear, a complete solution is given as a linear combination of solutions
D%, Y1) = 33 yn cos(nm)sin(may)exp [~ a27% (n? + m? k|
n m

The constants A, are given as

11
A = ”g(x, y)sin(mzy )cos(nzx )dxdy
00
We now look at solutions to (4b). We assume separable solutions of the form @(X, y) = G(X)H (y) o)
that
G'(X)+A2G(Xx)=0 and  H"(y)-AH(y)=0 (9a,b)

X'(0)=X'(1)=Y(0)=0



We already solved (9a). The solutions are given in (8). So we look for the solutions of (9b)
Y (y) =c, e (ly)+c, ep(-1y)

y n=0

Y(O):C3+C4:O, :Yn(y):{b Sinh(nﬂy) n:12

The solutions

0, (X, y) =7,y +7, cos(nzx)sinh(nzy) n=12,....

Since the system is linear, a complete solution is given as a linear combination of solutions
O(x,Y) =>-0,(x,Y) = 7, + D, cos(nax)sinh(nzy)
n=1 n=1
At this point, we apply the non homogenous boundary condition

O(x,1) =T, cos 2x = y, + iyn cos(nzx)sinh(nz)

n=1

By comparing coefficients on the two sides of the above equation, we see that only the N =1term
survives, yielding

— TO
71~ sinh(z)
So that
O(x,y) = i cos(zx)sinh(zy)
Finally,
T(x y,t)= cos(zx)sinh(zy +i iymnsm (mzy)cos(nzx) exp[— <m2+n2)ﬂ_zt]

sinh o iliar



