
Solutions to Midterm II 

 

Problem 1:  (20pts) 

Find the most general solution ),( yxu of the following equation consistent with the boundary 

condition stated 
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Solution 1:  Since the system (1) is linear, the solution is given as a superposition of a 

homogenous and a particular solution                                     

                                                                                      yxuyxuyxu PH ,,,   

 

We start by computing the homogenous solution; 

 

Characteristic Equation: 
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Characteristic Curves: 

                                                               22 yxC   

Homogenous solution: 

                                                        22),( yxfyxuH   

 

Next, we solve for a particular solution to (1) 

 

 We assume  

                                                                byaxyxuP ,  

 

If we substitute the particular solution into (1), 

We obtain  

                                           xxbay 3                             3,0  ba  

Hence, 

                                                                     yyxuP 3,   

General solution:          

                                                              yyxfyxu 3),( 22   

On 0y :      

                                                                  22)0,( xxfxu   

Hence,  

                                                              yyxyxu 3),( 22   



Problem 2: (30pts)      

Solve for ),( yxu ,                056
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 Solution 2:  

Characteristic equations:   
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Characteristic Curves:     

                                                          13 Cyx          and      22 Cyx   

General solution:   

                                                                 yxgyxfyxu 23,   

Boundary conditions: 

 

                    120,  xxgxfxu       and            xxgxfxu y 64230,              (1,2) 

 

Differentiate (1),    

                                           2 xgxf                    xxgxf 6423                    (3,4) 

 

We solve equations (3) and (4) simultaneously   

                          

                                            xxf 6                                  xxg 62                            (5,6) 

Integrate (5,6) 

                                         23xkxf o                           2

1 32 xxkxg   

So that 

                          2333 yxkyxf o                    21 23222 yxyxkyxg   

Hence,              

                                          21

2
23223323, yxyxkyxkyxgyxfyxu o   

              Simplify 

                                                          1

215642, kkyxyyxyxu o   

             Boundary condition 

                                                            1220, 1  xkkxxu o ,                11  kko  

             So that  

                                                          115642, 2  yxyyxyxu  



 

Problem 3: (5pts) 

Show that there is no solution of  

                       fu 2   in  D               g
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In three dimensions, unless 
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Hints:  Use the divergence theorem 
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Solution 3:  

We integrate (1) 

                                                        
DD
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We now apply the divergence theorem on the right side of (4) 
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Problem 4: (45pts) 

A thin sheet of metal coincides with a unit square in the planexy  . Initially, the temperature in the 

sheet is    yxhyxT ,0,,  . If there are no sources of heat in the sheet, find the temperature at any 

point at any subsequent time, given that the right and left faces of the sheet are insulated, the 

temperature at the lower edge is maintained at zero, and the temperature at the upper edge is 

prescribed by    xTtxT cos,1, 0 . 

 

Solution 4: 

The governing equation to be solved is  
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      0,,0 tyTx ,      0,,1 tyTx ,       0,0, txT ,        xTtxT cos,1, 0 ,      yxhyxT ,0,,   
 

We define our solution as the sum of a steady and a transient component 

                                                                ),,(,,, tyxyxtyxT                                                       (2) 

We now substitute (2) into (1) and rearrange 
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  0),,0(,0  tyy xx ,        0),,1(,1  tyy xx ,          0),0,(0,  txx  

  xTtxx o cos),1,(1,  ,            ),()0,,(, yxhyxyx   

 

We now make the following choices for  tyx ,,  
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      0,,0  tyx ,       0,,1  tyx ,        0,0,  tx ,       0,1,  tx ,        yxgyx ,0,,   

 

And for  yx,  
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                             0,0  yx ,      0,1  yx ,       00,  x ,        xTx cos1, 0  

 

We solve (4a) by assuming separable solutions of the form,    

    

                                                                   )()()(,, tTyYxXtyx                                                            (5) 

We now substitute (5) into (4a) 

                                                            TYXYTXTXY 
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We now divide through by   )()()(,, tTyYxXtyx   
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The left side of (6) is a function of t only. The first term on the right is a function of x only and the last 

term a function of y only. The only way for both sides to be equal is if they are each equal to some 

constant say 22 ,   .   
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By inspection, we have chosen the constants to be negative.  So that 

  0)()( 2  xXxX  ,           0)()( 2  yYyY  ,                  0222  tTtT                    (7a) 



For non-trivial solutions, we select our boundary conditions as 

                                                              0)1()0(1)0(  YYXX                                                        (7b) 

We now solve (7) 

   xcxcxX  sincos)( 21  ,        ycycyY  sincos)( 43  ,        tctT 222

5 exp    

We now apply the homogenous boundary conditions 

                                               0)0( 2  cX  ,        0sin)1( 1  cX  

 For nontrivial solutions,                02 c ,                nn               ,........2,1n   

So that,                                                            xncxX nn cos)(                                                                  (8)    

                                                0)0( 3  cY ,                      0sin)1( 4  cY  

For nontrivial solutions,                          mm               ,........2,1m  

So that                                                              ymbyY mm sin)( 
                                                              

 

Hence,                                                           tmnatT mnmn

2222exp  
                                        

 

The solutions  

                                               tmnymxntyx mnmn

2222expsincos),,(           

Since the system is linear, a complete solution is given as a linear combination of solutions 

                                     
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The constants mnA  are given as 
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We now look at solutions to (4b). We assume separable solutions of the form      yHxGyx  ,  so 

that 

                                0)()( 2  xGxG           and        0)()( 2  yHyH                                   (9a,b) 

                                                                 0)0(1)0(  YXX  



We already solved (9a). The solutions are given in (8). So we look for the solutions of (9b) 

                                                  ycycyY   expexp)( 43                        
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The solutions  

                                            ynxnyyx non  sinhcos),(         ,........2,1n  

Since the system is linear, a complete solution is given as a linear combination of solutions 
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At this point, we apply the non homogenous boundary condition 
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By comparing coefficients on the two sides of the above equation, we see that only the 1n term 

survives, yielding 
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Finally, 
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