Mathematics 1B. Fall Semester 2006 Professor: Daniel Tataru

Midterm 1, Solutions
(20) 1. Evaluate the following (indefinite) integrals

a) / eVeda

Solution: Substitute z = u?, dz = 2udu. The integral becomes

/ 2uetdu

We integrate by parts to obtain

/2ue“du = Que" — /Ze"du = 2ue — 2e" + C' = 2y/zeV® — 2eV* + C

b) / xtan® z dx

Solution: We rewrite the integral as
2

/xtanzx dx:/:c(sec2x—1) dx:/xsecza: dx—%

The first term is integrated by parts,
/xseczx dr = xtanx — /tan:cda: =ztanx + In|cosz| + C

The final result is )

/xtaan dr = ztanx + In|cos x| — % +C



(20) 2. Evaluate the following (definite) integrals:

o 4g?
d
a)/—w$4+4 x

Solution: We use partial fractions. First we factor the denominator,
pt 4=t et 4 — 42 = (2 +2)7 — (22)? = (2% + 22+ 2)(2* — 22+ 2)
Then we decompose into partial fractions,

42 Az +B Cx+D
44 22 —20+2 a2+ 20+2

This gives
42 = (Az + B)(2* + 20+ 2) + (Cz + D)(2* — 22 + 2)

Identifying the coefficients we obtain the equations
A+C=0, 2A+B-2C+D=4, 2A+2B+2C—-2D=0, 2B+2D=0

which has solutions A =1,B =0,C' = —1, D = 0. Hence the indefinite integral becomes

/ x T d / r—1 . 1 T+ 1 n 1 d
- T = - x
22 —2x+2 2242x+2 (x—12+1 (z—124+1 (z+1)24+1 (x+1)2+1
1 1
= 51n((x—1)2—|—1)+tan_l(x—1)—§1n((x+1)2+1)+tan_1(x+1)+0
1

(z—1)°+1 -1 -1
= 5lnm+tan (x—1)+tan (x+1)+C
To find the definite integral we evaluate this between —oo and oo. Since
—1)2+1
lim —(:p s =
e—too (x4 1)2+1

we are left only with the contributions from the last two terms,

0o 4 2
[ e = fran (@ = 1) tan (o 1) = 20
oo T

/2 COS T g
—dx
0 V1+sin®z

Solution: First substitute u = sinx, du = cos xdx. The integral becomes

b)

1 1
—d
/0 V14 u? “

Then substitute u = tan 6, du = sec? 0df, transforming the integral into

w/4 20 w/4
/ X 20 = / secBdf = In | sec 6 + tan 0][5/* = In(v2 + 1)
o sect 0



(20) 3. a) Suppose that f(z) is a function defined on [a,b]. State the formula for the area of the
surface of revolution obtained by rotating the graph of f around the y axis.

Solution: ,
A= 27r/ xy\/ 1+ f'(x)%dx

b) Find that area in the case when f(z) = 32'% and a =0, b = 1.

Solution: We have .
A= 27r/ 2\ 1+ z=43dx
0

Substituting z = u?®, dv = 3u?du we transform this into
1 1
27r/ 3uV1 + utdu = 27r/ 3utVut 4 1du
0 0
Setting u* + 1 = v, 4udu = dv the integral becomes

2 3
A:W/ 2\/1_)dv = a2 =7(2vV2—1)
1



(20) 4. Determine (providing an explanation) the convergence or divergence of the following series:

> 1
a
),;n\/lnn

Solution: Use the integral test to compare with the integral

o0 1
[l
2 zvIlnzx

Substituting Inz = u, x7'dz = du the indefinite integral turns into

/ du =2v/u+C =2VIlnx +C
Then for the improper integral we get

/OO dr = hm 2VInb — 2vVIn2 =
2 Inz

Hence the improper integral diverges. Then the series is also divergent.

X 14+ (—=1)"n
b L
)n;l n? + 2n

Solution: We split the series in two,

L+ (=1)"n 1 (—=1)"
n2+2n  n24+2n n+2
1 1 1 : . .
We have ———— < — therefore the series Z converges by comparison with the p-series.

24 92n

converges due to the alternating test.

n? +2n —n
(=)™

On the other hand the series Z

Summing up the two series we conclude that the original series converges.

95

Solution: Use ratio test:

((n+1))? 2
. e(n+1)? (n —+ 1)
nlggo (nl) nhirolo e2n+1
en?
We compute this limit using L’Hopital’s rule,
(x4+1)2* . z+1 L
JH& e2e+l mll& e2r+1 JH{}O 2¢2z+1 0

By the ratio test it follows that the series is convergent.



(20) 5. a) Estimate the error in approximating the following series by the sum of its first 10 terms:
> 1

D

4 2
n:ln +n

1

< —. Since the function x=* is decreasing, the error is
nt*+n?2 = nd
estimated in terms of the integral,

1 1
R, </A—d———— =
ol e ==

Solution: We first estimate

Hence
1

R < —
| ool = 3000000

b) Estimate the partial sums of the series
> 1

Zi

n=1

Solution: The series is a p-series which diverges. Since the function =% is decreasing, we can
compare the partial sums with the corresponding integral,

Snx/ln\/lzdm:;(\/ﬁ—l)

c¢) Compute the sum of the series
P
—n?—1
Using partial fractions we write
11 ( 11 )
n?—1 2n-1 n+l

Then the series is a telescopic sum. Its partial sums are

11 1 1 1+1 1+ N 1 1+ 1 1>
21 3 2 4 3 5 n—2 n n—1 n+1

Almost all terms cancel, and we obtain

Hence the sum of the series is 3/4.



