EECS 120 Fall 2004

Midterm 2 Solutions

e The exam is for one hour and 50 minutes.

e The maximum score is 100 points. The maximum score for each part of each problem is

indicated.

e The exam is closed-book and closed-notes. Calculators, computing, and communication
devices are NOT permitted.

e Four double-sided sheets of notes are allowed. These should be legible to normal eyesight,
i.e. the lettering should not be excessively small.

e No form of collaboration between students is allowed.

1. (8 points) State whether the following are true or false. In each case, give a brief explana-
tion. A correct answer with a correct explanation gets 4 points. A correct answer without
a correct explanation gets 1 points. A wrong answer gets 0 points.

(a)

If two signals x(t) and y(t) have the same wunilateral Laplace transform, then the
signals are identical.

Solution : False. The unilateral Laplace transform of a signal z(t) is defined as
o
X(s) = / s(t)e"tdt

Thus, for example, any signal x(t) with z(¢) = 0 for all ¢ > 0 will have X'(s) = 0.

Let the signal z1(t) have Laplace transform X;(s) with region of convergence Ry,
and let the signal z2(¢) have Laplace transform Xs(s) with region of convergence Ra.
Assume that RN Ry is not the empty set. Then the signal y(t) = x1(¢) *x2(t), which
is the convolution of z1 (t) with x2(t), has Laplace transform Y (s) = X1 (s)X2(s) with
region of convergence equal to Ry N Rs.

Solution : False. In general all we can say is that the region of convergence of the
Laplace transform of y(¢) contains Ry N Rg, but it can be larger. For an example,

consider Xi(s) = 54+2 with ROC Re(s) > —2 and Xs(s) = (SSJ‘:IQ)Q with ROC Re(s) <

—1. Then y(t) = x1(t) * z2(t) has Y(s) = ﬁ with ROC Re(s) < —1.

2. (6+ 2+ 6+ 2+ 4 + 5 points) Consider the impulse train

p(t) = i [0(t —3nA) +6(t — 3nA — A) — §(t — 3nA — 2A)] .

n=—oo

Note carefully that every third impulse has sign opposite to that of the preceding two
impulses.



Let x(t) be a signal. We assume that z(t) is band limited to (—was,war), i€

X(w)=0, if|w|>wr,

where X (jw) denotes the Fourier transform of z(t).

Let

Let H(jw) be given by

oy A i —wup<w<uwy
H(jw) = { 0 otherwise .

Thus the filter with frequency response H(jw) is a low pass filter which passes only
frequencies in the range —w; < w < wy, with amplification A in the pass band.

Let y(t) denote the output of this low pass filter when the input is x,(t).

(a)
(b)

(e)
(f)

Let P(jw) denote the Fourier transform of p(t). Determine P(jw).

Choose some X (jw) that is non-zero over (—wps,wys) and has linear phase over
(—wpr,war), with the phase being non-zero except at w = 0. Sketch the magnitude
and phase plots for the X (jw) that you picked. Make sure to label all the important
frequency, magnitude, and phase coordinates.

Let X,(jw) denote the Fourier transform of z,(t). Sketch the magnitude and phase
plots for X, (jw) corresponding to the X (jw) that you picked, assuming the appropri-
ate no-aliasing condition. Make sure to label all the important frequency, magnitude,
and phase coordinates.

What is the appropriate no-aliasing condition in the preceding part of the problem
?

Find the conditions on wys, A, wy, and A which ensure that y(t) = x(t) for all x(t)
that are band limited to (—wps, war).

Is there a way to recover z(t) from z,(t) even when the no-aliasing condition of part
(d) does not hold ? Explain your answer.

Solution :

(a)

Let wy = g—g. We have

, 27 iw 2T oA
P(jw) = 3A kgwé — kws) + 3—Ae Jwa k;ooé — kws) — N 2jwi k:z_:ood(w — kws
= ??—Z k:z_:oo {1 + e IR efzj“’A} O(w — kws)
2 e ) .
- 3—2 Z {1 + e kWA e_QJk“’sA} d(w — kws)

k=—o00



3A —
o0
= Z apd(w — kws)
k=—o00
where
g—g if k£ is an integer multiple of 3
ap = %—Z(l +j) if K —1 is an integer multiple of 3

sx(1—j) if k— 2 is an integer multiple of 3

Choose some X (jw) that is non-zero over (—wys, wps), zero elsewhere, and has linear
phase over (—wps,wpr), with the phase non-zero except at w = 0.

Xp(jw) = [X(jw) * P(jw)]

o0

Z ap X (j(w — kws))

k=—o00

¥=Fl=

A sketch of this is non-zero over regions of width 2w,; centered at the frequencies
kws, k € Z, with the regions non-overlapping iff 2wy; < ws. Note that the magnitude
is 3% times the magnitude of X (jw) and the phase is identical to that of X (jw) in
the regions centered at kws for & a multiple of 3. The magnitude is \/53%A times
the magnitude of X (jw) and the phase is § plus the phase of X (jw) in the regions
centered at kw, for k—1 a multiple of 3. The magnitude is v/2 i times the magnitude
of X(jw) and the phase is —7 plus the phase of X (jw) in the regions centered at

kws for k — 2 a multiple of 3.

The no-aliasing condition is 2wy; < wg, i.e.

A<
— 3wy
We need the no-aliasing condition to make sure that there is no loss of the spectral
shape of X (jw) when we go to X, (jw). We need wys < wy < wg —wp to ensure that
the low pass filter H(jw) will only pick up the portion of the spectrum of X, (jw)
that lies in the interval of width 2wj; centered at w = 0. We need A = i—g = 3A to
ensure that the output of the filter is z(¢) rather than just a scaled version of x(t).

Some thought reveals that it is only necessary to have

A< T

WM
in order to be able to recover x(t) from z,(t). This is because it is possible in
principle to recover the samples z(nA), n € Z, from x,(t), so x,(t) contains all the
information we would have got from periodic sampling of z(¢) with period A. In fact
it contains precisely this information. The Nyquist sampling criterion tells us that
as long as 2wy < 2X, we can recover the signal x(t) from these samples, hence from

zp(t).



3. (12 points)
Let x(t) be a low pass signal that is bandlimited to (—was, war), i.e. if X (jw) denotes the
Fourier transform of z(t) then we have
X(jw) =0if |w [> was .
Let y(t) = Acx(t) cos(wct) denote the DSB-SC signal resulting from amplitude modulation
of z(t) onto the carrier A, cos(w,t). Assume that w. >> wyy.

Let p(t) denote the periodic signal with period T, = i—’: given by

1 if |t —nT,.|< LZe for some n € Z
p(t) = 4
0 otherwise

Let z(t) = y(t)p(t). The signal z(t) is passed through an ideal low pass filter H(jw) with
cutoff frequency wyy, i.e.
How ={ ) Bl
Let the output of this filter be denoted w(t).
Determine w(t).
Solution :

p(t) is periodic with period T, = i—’: We may therefore write a Fourier series expansion
for it :

o
PO = 3 ael

k=—0oc0
where
ay = Qand
1. k..
ar = 551110(5) itk+#0 .

‘We now write

o0
z2(t) = y(t)p(t) = Acz(t) cos(wet) [ >, akejkwct]
k=—o00
We write )
cos(wet) = 5 [ej‘”Ct + e‘jwct} .
Since z(t) is to be sent through the ideal low pass filter H(jw), and since we assumed
that wy << we, to produce w(t), we see that

1 1
w(t) = Acx(t) {2611 + 2a1] :
Finally, observing that a1 = a_; = %, we have

w(t) = ?x(t) .



4. (2 + 6 + 6 points)

Let z[n] be a discrete time signal whose discrete time Fourier transform (DTFT) X (e/)

is bandlimited to (—{5, 7g), i-e-

X()=0if |w|<mand |w|> & .

Recall that

o0

X(e?¥) = Z x[n]e I

n=-—o00
is a periodic function of w with period 27, which is why the extra condition that | w |[< 7
is needed in the notion of “bandlimited”.

Let z[n] be created from z[n| by dropping all terms for n an integer multiple of 4, i.e.

0 if n is a multiple of 4
x[n] otherwise .

You can think of z[n] as z[n] — y[n], where y[n] is the discrete time sampling of z[n]| with
period 4, if you like.

Let w[n] denote the up-sampled version of z[n] with up-sampling factor 3, i.e. to get w[n]
we first create

)

_J 2[3] ifnis a multiple of 3
vin] = { 0 otherwise

and then pass v[n] through an ideal discrete time low pass filter that is bandlimited to
(_%a %)

For the following, pick some X(e/*) that is periodic with period 27, non-zero over

s s 3 ™ s : : _
(=15 1), and has linear phase over (—1g, 75) Which is non-zero except at w = 0.

(a) Sketch the magnitude and phase plots for the X (e/“) you picked. Make sure to label
all the important frequency, magnitude, and phase coordinates.

(b) Let Z(e/*) denote the DTFT of z[n]. Sketch the magnitude and phase plots of Z (/%)
corresponding to the X (e/“) that you picked. Make sure to label all the important
frequency, magnitude, and phase coordinates.

(c) Let W(e’*) denote the DTFT of w[n]. Sketch the magnitude and phase plots of
W (e’*) corresponding to the X (e/“) that you picked. Make sure to label all the
important frequency, magnitude, and phase coordinates.

Solution :

(a) Pick some X (e/*) that is periodic with period 27, non-zero over (—7, ™), and has
linear phase over (—1g, 75) Which is non-zero except at w = 0.

(b) Let
plnl = > d[n—4k].

k=—o00



This has DTFT :
. 2 e
P(e/?) = Zﬂ k;@é(w — kws) ,

where w, = %Tﬂ = 3.

Let the periodic sampling of x[n] with period 4 be denoted by y[n]. Then

so y[n] has DTFT Y (e/*) given by :

. 1 4 .
Y(e?) = 2—X(6]°") kor P(e?)
T

where x9, denotes circular convolution. It follows that

. 13 o
Y () =7 PP (CARENE

k=0

Since ‘ ' '
Z(e) = X () =Y (e2) ,

a sketch of Z(e/%) is periodic with period 27, and is non-zero in intervals of length %
centered at the points k5, k € Z. The magnitude in the intervals centered around
k2m, k € Z, is % the magnitude of X(e/*), and the phase is the same as that of
X (e’*). The magnitude in the intervals centered around k%, k € Z, k not a multiple
of 4, is 1 the magnitude of X (e/*), and the phase is 7 plus that of X (e/*).

(c) Let V(e/*) denote the DTFT of v[n]. Then

V(el®) = Z(e53%) .

V(e7) is nonzero in intervals of length %—g centered at kg, k € Z. Its magnitude

and phase plots look like a compressed version (by a factor of 3 on the frequency
axis) of the corresponding plots of Z(e/*). Finally, the plots for W (e/*) are got from
those of V(e/“) be erasing everything that does not lie in the intervals of length %’T
centered at the frequencies k27, k € Z.

5. (10 points)

Let z[n] be a discrete time signal. Assume that its discrete time Fourier transform (DTFT)
X (e’%), which is a periodic function with period 27, is band limited to (—was,was), i.e.
assume that

X)) =0, fwy<|lw|<T.

The extra condition that | w |< 7 is needed in the notion of “bandlimited” because
X (e/%), is periodic with period 2m. We assume, of course, that wy; < 7.

Assume that z[n] # 0 for all n.

Let y[n] be a discrete time signal with DTFT Y (/). Assume that this is also bandlimited
to (—war, war)-



Let a > 1 be a real number such that awy; < 7, and let
z[n] = cos(a wyn) + y[n] .

Let v[n] = z[n]z[n]. The signal v[n] is periodically sampled with period N. Here N > 1
is some integer.

For what values of a and N is it possible to recover both x[n] and y[n| from the samples
v[nN],ne€Z?

Solution :
Let Z(e?*) denote the DTFT of z[n]. Then Z(e/*) is periodic with period 27, and

Z(e¥) = i (76 (w — awpr — 27l) + 70 (w + awyr — 27l)] + Y () |

l=—00

where Y (¢/“) denotes the DTFT of y[n]. Now, V(e/*), the DTFT of v[n], is the circular
convolution of X (e/*), the DTFT of z[n], with Z(e/).

We see that if we want to have no overlap between the terms coming from the circular
convolution of X (e/*) and Y (e/%) and the terms coming from the circular convolution of
X (e7%) with 337°_  [76(w — awps — 27l) + w8 (w + awps — 271)], we must have

awpy — Wy > 2wy, 1. ea >3 .

If we want to have no aliasing between the terms coming from the circular convolution of
X (€M) with 337°_  [76(w — awpy — 27l) + w8 (w + awps — 271)], we must have

awpy +wy <

Further, in order to be able to recover V(e/*) from the samples v[nN],n € Z we must
have
<
awp +wpyr < N
Thus, the conditions

az3and]\7(a+1)§i
Wi

would allow us to recover both z[n] and y[n] from the samples v[nN],n € Z, because
we could first recover V(e/“) and from that recover the circular convolution of X (e/*)
with S°0°  _ [78(w — awps — 27l) + 76(w + awpy — 27l)], which tells us what X (e/) is,
and hence what the sequence x[n] is. Also, from V(e/*) we can recover the circular
convolution of X (e“) and Y (e/*), which tells us what the sequence z[n]y[n] is, and since
we now know what the sequence z[n] is, and because z[n] # 0 for all n, we can find out
what the sequence y[n] is.

It is possible to be more clever than this. It is not necessary to have no overlap between the
terms coming from the circular convolution of X (e/“) and Y (e/*) and the terms coming

from the circular convolution of X (e/) with 0° __ [76(w — awps — 27l) + 76 (w + awyy — 27l)].
Indeed, the conditions

—00

a>2and Na+1) < —
Wi



are also okay, because then we could first recover V (e/*) as before, then recover X (/%)
from the upper sidebands of the terms coming from the circular convolution of X (e/*) with
YR [m0(w — awpr — 27l) + wd(w + awpr — 2wl)], which tells us what the sequence z[n]
is, use this knowledge to compensate for the overlap with the terms coming from the
circular convolution of X (¢/“) and Y (e/*), which then tells us what the sequence x[n]y[n]
is, and finally tells us what the sequence y[n] is, as before.

. (2 + 2 + 9 points)

A causal LTI system has system function

(a)
(b)
()

s—4
H(s)= —> =
()= F 5574

Determine the region of convergence of the system function.
Is the system stable 7 Why ?

Determine the output of the system when the input is

x(t) = e 21

Solution :

(a)
(b)
()

The poles of the system function are at —4 and —1, and it has a finite zero at 4.
Since the system is causal, the ROC of the system function is Re(s) > —1.

Since the poles of the system function are strictly in the left half plane, and because
we are given that the system is causal, it is stable.

The input can be written as
z(t) = e 2u(t) + e*u(—t) .

The Laplace transform of the input is

1 1
s+2 s—2
—4

= 2 —2 < Re(s) <2.

X(s) =

Let y(t) denote the output of the system when the input is x(¢). The Laplace
transform of the output, Y (s) is then % with ROC containing —1 <
Re(s) < 2. Since the poles of this rational function are at —4, —2, —1, and 2, the

ROC must be —1 < Re(s) < 2.
We use the technique of partial fraction expansion to write

a b c d

Y(s) = .
=it et Ts 2




The coeflicients can be found as

@ = (VL) == (16_11(4_)?—_4? - _g
b= DY) o= 55 :2()?42—_140)+ =3
¢ YO g
¢ = =DV =5 +;)4((42+_140)+ 4 - % '

From this, based on the ROC, we conclude that

20 1
ge_tu(t) — —eMu(—t) .

8
——e Mu(t) + e u(t) — 5

y(t) = 9

7. (18 points)

Each of the plots A, B, C, and D on the next two pages is a pair, giving | H(jw) | as
a function of w > 0 in radians on a log-log plot and /H (jw) in degrees as a function of
w > 0 in radians on a linear-log plot. These plots correspond, in some unknown order,
to the frequency responses of the causal stable LTI systems with the following system
functions (the finite poles and zeros of these system functions are also explicitly given for
convenience).

Number | System function poles ZEeros
1. FTeE —1+442, -1 —j2 none
2. s 1442, —1—j2 | 2442, —2— 52
3. Lol 1442, —1—j2| 4442, 4— 42
4. SR —1+442, -1 —j2 | —4+452, —4— j2

Match up the system functions with the corresponding plots. Every correct answer gets
3 points, and every wrong answer gets -1 points. Also, explain your reasoning for why
you matched the system functions to the plots the way you did. 6 points are allocated to
evaluate your reasoning.

Note : Even though negative points will be given for wrong answers, the lowest score
possible on this problem as a whole will be zero points.

Solution :



Plot D
Plot A
Plot C
Plot B

te 0

The only plot which has phase going to —180° as w — o0 is plot D, so this must be
the one corresponding to the system function 1 ( notice that each zero contributes an
angle of +90° and each pole contributes an angle of —90° as w — o0). Of the remaining
three plots, the one with the least magnitude at w = 0 is plot A, so this must be the one
corresponding to system function 2 (notice that of these three system functions the zeros
are closest to the imaginary axis in system function 2). The remaining two plots have
identical magnitude functions. However, for positive frequencies, the absolute value of the
phase of the system function 4 can never exceed —180°, as it does in plot C (because each
zero contributes less phase than the corresponding pole removes and each pole removes
at most a phase of 90°) so system function 4 must correspond to plot B, which leaves
system function 3 corresponding to plot C.
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