ME 185/287 Midterm 2 Solutions

1. (a) Let ¢ = p. Then,
0= %/ pdv = / p'dv —|—/ pv -nda = / [0 + div(pv)]dv.
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Next, let ¢ = pv;. Then,
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which is the stated result.

(b) As P, C ky is arbitrary, we can localize to obtain
p +div(pv) =0 and (pv;)' = (T;; — pvivy),; + pbi,

the second of which is the e; - component of the stated result. These hold at all x € k;.

(c) We have

Tij,j + pbi = ,01-)1‘ = p’U; + PU;,5U5

(pvi)" = plvi + pui jv;

(pvi)' + (pvy) jvi + pui j;

(pvi)" + (pvivy) 5.

2. (a) We have v = rwey + w'(r)k, and therefore

Ldx = dv = wdrey + rwdey + w'(r)drk = wegy(e, - dx) — we,(ey - dx) + w'(r)k(e, - dx),

r

SO

L=wep®e, —e. Qe +uw (rkxe,,

as claimed.

(b) Note that .J/.J = trL = 0. Thus, .J = 0 and mass conservation yields 0 = p,, = (p.J)" = p.J; then,
0=p=p +Vp-v.
(c) We have ym = FM and therefore jim + prn = FM = ,u]?‘Film = puLm. Then, s = pm - Lm

(since m - m = 1; hence, m - i = 0). For m = e,., g or k the above expression for L gives 1 = 0.

3. We have

T = —p(p)I, or Tij =—pd;j,



in terms of components.
(a) Then,
Tij; = —(pdij).; = —p,j0i5 = =i = =0 (p)ps»
which is the Cartesian component form of

divT = —p'(p)Vp.

(b) We need to solve
divT = pv = p(v' + Lv).

For the motion of Problem # 2 we have v/ = 0 and Lv = —rw?e,.. Thus,
P (p)Vp = proe,.

Assuming p’(p) # 0, this means that v-Vp = 0, and the result of Problem # 2(b) yields p’ = 0. Further,
using

Vo = (0p/0r)e, +r 1(0p/00)eq + (0p/02)k
we obtain dp/00 = 0 = 0p/0z and dp/dr = p'(r), where

p'(p)p'(r) = prw?.
(c) For an ideal gas we have p'(p) = k, a given constant. Thus,

(Inp)' = p'(r)/p = 10° k.

Integrating and using p(0) = p, gives In(p/p,) = r?w?/2k. Finally,

2 2
p(r) = poexp(5p-)-



