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MATH 53 1st MIDTERM

Please answer each question on a separate page — you can write on the back of
the page. Remember to write your name and section number on EVERY page.
Each problem is worth 10 points. Good Luck!

Problem 1. Let a and b be two vectors in R3.
a) Show that (a x b) - (a+b) = 0. (You can use facts from the book/lectures as long as
you state them clearly.)
We now from the properties of the cross product and vector addition that
(axb)-(a+b)=(axb)-a+(axb)-b.
And we proved in class that
(axb)-a=(axb)-b=0.

The conclusion follows.

b) if a = (a1, as, as) and i, j, k are the standard basis vectors, find
i-(axk)+j-(axi)+k-(ax]j)
in terms of ay, as, as.
We recall the defintion (for b = (b, b, b3))
(1) a x b = (aybs — azbs, azby — a1bs, a1bs — asby),
so that, since i = (1,0,0), j = (0,1,0), k = (0,0, 1),
ax k= (ay,—a,0), axj={(—a30,a1), axi=/(0,as —as).

Hence,

i-(axk)=ay j-(axi)=az, k-(axj)=a,
and

i-(axk)+j-(axi)+k-(ax])=a+ay+as.

c¢) Find the area of the parallelogram spanned by (1,2,3) and (—1,2,3) (use the back page
if needed).

The area of the parallelogram is given by the length of the cross product of the vectors
defining the parallelogram. Hence, using

Area = [(1,2,3) x (=1,2,3)| = [(2:3-3-2,3-(=1) = 1-3,1-2 =2 (=1))]
= (0, —6,4)| = VO + 36+ 16 = V52 = V413
= 2V/13.
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Problem 2. a) Show that of the two curves parametrized by position vectors
(2) ri(t) = (cos(2mt),sin(27t), t), rot) = (t — 1,¢,t/4).

intersect at the point (0,1,1/4) and find cosf where 6 is the angle between the tangent
vectors to the two curves at that point.

From the expressions for r; and ry we see that for the last component to be i we have
to take t = }1 for r{ and ¢t = 1 for ry. We then check that

r1(%) = (cos(m/2),sin(7/2), i) = (0,1, ;11), ry(1) = (0, 1, 711>
We compute tangent vectors by differentiating the position vectors:

r(t) = (=27 sin(2nt), 27 cos(2mt), 1), 14(t) = (1,1, ).

The tangent vectors at the point of intersection are given by
ri(3) = (=2m,0,1), ry(1)=(1,1,3).

4
Hence

() - rh(1) —2m + % . —8r+1
DI @r2+1)22+ L)z V332 4+ 1)2

b) Is there a value of ¢ for which r(¢) and rj(t) are parallel? (Please use the back page if
you need more space.)
For v (t) and rj(t) to be parallel we need, for some scalar c,
(=27 sin(27t), 27 cos(2mt), 1) = (1,1, 1).
That means that ¢ = 4 and
—2msin(27t) = 27 cos(2nt) = 4.

But —sin(27t) = cos(2nt) only if 27t = 37/4 + kr. But then the value of 27 cos(27t) =
+27/v/2 # 4.
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Problem 3. a) Sketch the polar curve given by the equation r = cos(36), 0 < 6 < .

90°
1
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210°

240° 300°

270°

b) Compute the area enclosed by this curve. (Please use the other side of the page if
needed.)

The area of the region defined by a polar curve r = f(f), a < 6 < 3, is given by
L[ £(6)2d6. For f(8) = cos30, a =0, § = m, gives

™ 3T
Area = %/ cos?(30)d0 = %/ cos® tdt.
0 0

Note that . ;
/ cos? tdt = / sin? tdt
0 0
and hence
37 3 3
/ cos? tdt = % / (coszt + sin? t)dt = % / 1dt = %W.
0 0 0
Hence
_ 13 _ 1
Area = giﬂ' = ZT('.
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Problem 4. Match the following three dimensional curves to their equations. The param-
eter satisfies 0 < ¢ < 7 for all curves.

a) r(t) = (t3,t,13)

b) r(t) = (¢,13,¢3)

c) r(t) = (sin(t/2),t3,t3)

d) r(t) = (t3cos(t/2),t,t3)

Please do not guess: negative points will be given for wrong matches. We have
three versions of the exam with different arrangements of answers!

Please use scratch paper and record your answers in the table below:

Figure 1 | Figure 2 | Figure 3 | Figure 4

b C a d
Figure 1 Figure 2
30 30
20 20
N N
10 10
0 0
30 30 —
/3 1
20 - _— 20
10 1 10 0.5
y 0 o X y 0 o X
Figure 3 Figure 4
30 30
20 20
N N
10 10

wO
o
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Problem 5. a) Find the tangent plane to the graph of the function
fz,y) = 2° +22%y + 2
at the point (o, yo, f (o, yo)) where (xg,y0) = (1, —1).
The tangent plane to the graph of f at (zo, o, 20), 20 = f (%0, o), is given by

z— 20 = fu(T0,Y0)(* — 20) + fy(T0, 40) (¥ — ¥0)-
In our case 7g = 1, yp = —1 and zy = 1> +2- 1% (—1) + 2 = 1. The partial derivatives are
given by
fe(w,y) = 30° + 4wy, fy(z,y) = 227,
SO
fac(17_1) = -1 fy<1’_1):2
The tangent plane is then

z—1l=—(x—1)4+2(y+1) or x—2y+2—4=0.

b) What is the distance of the point (1,2,3) to the plane you found in part a).

The distance of a point (x1,yi, 21) to the plane defined by az + by + cz + d = 0 is given
by
|CL.Z‘1 + by1 + (4] + d|
Va2 +r+2
In our case we found above that a = 1, b = —2, ¢ = 1 and d = —4. Hence the distance of
(1,2,3) to the tangent plane is given by

1—4+3-4] 4

V1+4+1 V6




