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MT1.2 (10 Points) Consider a discrete-time signal x: Z — R that satisfies:

I Forevery nleZ, x{n+4l)=x(n).

n Y xmy=2

w3175 — 1

e ST CDxm =1,

Somard 1
V. }_:FE x{njcos(nz /2) = ZI x(nysin(na /2) =40

(a) Determine the complex exponential Fourier senes coefficients X, Xy X; and X, for
this signal. "
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(b) Determine an expression for the signal x itselll
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MT1.3 (20 Points) Consider two discrete-ime systems S; and 5, that are described as

follows. Sysiem S; has state s;. inputs x;, x; and output ¥ and the following state-space
model:

(S s+ =ds(n)+ Bx(ny+ B.x.(n), y(n) = Cs (1),

and system S5 has state s,, input w and output p and the following state-space model:
(5.): s,(n+ )= Fs,(m)+Gwln), p(n) = Hs,(n) +.w(n),

In the models above, we do not specifv the size of the matrices involved. but vou can

assume that they all have the correct dimenstons (for example. G has row size given by
the dimension of the state vector s2).

{a) Suppose that the causal LTI system §: is characterized by the following linear,
constant-coelTicient difference equation {LCCDE}:

pla)+ pln—2) = 2wln)—win-1).
Construct the state-space model for S: by finding the matrices /. G. H# and J.
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Now consider the block diagram shown in Figure I, where x, = p, and w=y. Once
again, svstem S; has state 5, inputs x;, x; and output y and the following state-space
model:

(S s(n+D=As,(n)+ Bx{n)+ By (n). y(ny=Cs(n).

However. system S»> now has state 55, input w and outputs p, and p; and the following
state-space model:

(S,): s,(mn+ D)= Fs,(n)+Gw(n), p(n) = Hys,(n), p,(n)= H,s,(n)+.Jw(ny,

For part (b), ignore the LCCDE representation and state-space model from part (a)
completely — just leave vour answer in terms of /-, (7, H,. H> and J.

(b) Find a state-space model for this connected system, making sure to specify the state.
inputs and outputs and all the system matrices. In other words, explicitly specify .,
X and ¥ aswell as 4, 8.C and [ satisfving

S+ )= AS(n) + BX(n), V(1) = C¥(n)+ DX(n) .
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MTL.5 (30 Peints) Consider the equations
si(n+1) = aps (n)+bx{n).n20.

This system is a simplistic model of the dynamics of prices of N financial assets, with
s, (n) the rate of return of asset £ at time #, and with x a signal that represents a common

factor {sav. the price of oil) affecting the entire market. In the equations above. «, € R
and b, € R are given and are independent of time.

A given investment strategy is represented by a sequence w of vectors w(n) & R" . with
w, () the relative amount invested in asset & at time n. We assume that Vn 20,
w, (1) 2 0 foreverv k = L....N (we buy but do not sell). and that w; (n)+---+w, (1) =1
(so that w,(n) represents the proportion of wealth invested in asset & at time n). The
quantity v(n):=w(n) s(n) represents the rate of return of the portfolio at time n. In this
problem, we focus on the resulting SISO system, which has x as input and y as output.

(a) Devise a state-space model for this SISO systenw, making sure to specify the state and
all the system matrices.

5 (w) a 0 —0 .
2= (50 JCO R IR AR Ol Py
Q) b~—0 au bu

)= [l wald) = 1y (] 502) + Ox(w)

(b) Determine if the system has the following properties. For each property, prove that it
holds (irrespective of the choice of the investment strategy w). or give a
counterexample of a specific strategy that violates the property. You should assume
that w 1s given a priort and not a function of the mput.

(i) Causal: ’T(“‘_ Asaune 14».‘" X, (n}-‘th(n} Fasn,, Given some
inmFial  cendition . by recursion c.or-u_spendi.-:j states s, (n)

= 9._ (H} 'f’ 141 = Na. Y' (n)ﬂ- w(ﬂ)'l's.[“) = U(,\)tstcﬂ) '-=-y,_ {n) 'g'lﬂ-sﬂe.

() Linear: True, Letr Xa)= ax.(ﬂ-*bxq.(u). Foe imtial condition zerp,
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(i) Time-invariani: False. LeY %0A) = x(n-wm), For zers inhial condition,
g&u\:hgbﬁ«-%ﬁ(n\ ges 5= glnw) \07 reenc Sion . But

;‘Lﬁ\ = u(m)fgcv:) = u(n)T 5(»"'v-) +w CW'M)Ts (w“M‘J 2 nd-m),
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From now on, we focus on a “buv-and-hold” strategv. where wnJ is independent of » and
is denoted simply by we R", with w, 20 forevery A =1...N and w, +---+w, =1.

(¢) Determune the impulse response /2 of the system. Response when x(n) = S(n)
n=0" 5(1):A$(0)+B‘o(0) = As(o)+B
NZL )= As()+ B0 = Ash)
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(d) Determine the frequency response A of the system.
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(¢) Determine the step response v, of the system. x(w) = u(n)
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(D) Select the strongest assertion, which is true. from the choices below. Explain vour
choice succinetly, but clearly and convincingly.

(i) Thesystemis BIBO stableif |u,| < 1 forevery k=1....N.
(ii)  The system is BIBO stable if and only if ia;: < forevery k=1....N .
(i)  The system 1s BIBO stable if and only if for every k=1... N |aj<1 or
by=0.
&ina Y(h\, 2;‘%‘5”(”) , BIED s qu:v-.hm'!’ 4o bounded },pu‘i”-——) boundad

st=te. P e inkial cndition ¥ 1)
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Now assume that :b,ri =] :Erzk] <1 forevery k=1,...,N , and we define « = max,.,_, }‘rl .

o B . o .
(g) Show thatif @ = =L then for every sequence x such that x(n) ¢ [-0.1.0.1} for every »,

we have y(n) =[-0.3,0.3] for every #,
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