EECS 120, Midterm 1 Solution, 3/8/06

Do your calculations on the sheets and put a box arwhere this makes sense.
Print your name and your TA's name and section time here:

Last Name First TAsname_____ Sectiontime
Prob #| Max | Score
1 15
2 15
3 10
4 15
5 20
6 10
7 15
Total 100




Useful tips

FT pairs
Signalt — z(t) w— X(w) f—X(f)
X(t) 2z (—w) z(—f)
2(t) =1 X(w) = 2m6(w) X(f) = (/)
x(t) = (t) X(w)=1 X(f)=1
#(t) = sgrit) X(w) = 2 x(f) =
£(t) = u(t) X(w) = L+ mo(w) X(f) = 7k + 30(0)
o(t) = 4 X(w) = —jsgriw) X(f) = ~jsgr(f)
w(t) =0(t) =1, |t < 1/2, 0 else 222/ i 2)
22 0(t — KTp) 7 2 0(f = fo) 0w — wo)
X, 3 elnwot S Xn0(f —nfo) 27 Y §(w — nwy)
(t) —jsgn(f) X (f) —jsgn(w) X (w)
FT properties
z(at) X() LX)
T *y X(NHY(f) X (W)Y (w)
z(t)y(t) (X Y)(f) 3 (X #Y)(w)
X(1) #(—) 2 (~w)
ol (t) X(f = fo) X(w —wo)
(t) (2m f) X (f) (Jw)X(w)
It x(s)ds ﬁ + 3X(0)5(f) jin(w) + 71X (0)d(w)

Parseval’s theorem.

| latpar= [ xR -

Trig identities

sin(x £ y)
cos(z + y)

sinzsiny

COS X COS Y

1

2

/O:o | X (w)|?dw

sin x cosy £ cosxsiny

cosx cosy Fsinzsiny

1

5 lcos(z —y) — cos(z +y)]
1

i[cos(m —y) + cos(x + y)]

: 1 . .
sinzcosy = §[Sln(1‘ —y) +sin(x + y)



1. 15 pointsFind the FT ofz, and sketch the real and imaginary partsdfv), where
Vt, @) =TI(t) « TI(t) « Y 6(t — 8n).

HereII(¢t) = 1 for |¢| < 1/2 and O, else. In your sketch carefully mark the relevant frequencies and

magnitudes.
Answer
From Table above the FT of
Mo Xy we sin(w/2) .
w/2

From the Table above,

t»—>25(t—8n — Xy w»—>— 26 27Tk
[eS) k=—o00
By the convolution property,
reoXw) = [XWPXw)
sin(w/2)]° 27 27rk
7] % T 20
2 sin(27k/16) _ 2mk

:8k{2wk/16}6(u} 5

X is areal-valued function, its imaginary part is zero. A sketciXag shown in figurel.

A X(w)
21/8

28 )

Figure 1: Sketch of X in problem1. Only the positive frequencies are shown, sid¢év) =
X(—w).



2. 15 points
(a) Find and sketch the FT of

. t 2
s(t) = [Fm] o
Tt

(b) Use Parseval’'s theorem to find the energy in the signal

Answer

From Table above,
sinw/2
w/2

H(t) “—

From Table above,
sin 7t

i 2rll(—w) = 2711 (w)

From Table abovez(t)]? < (1/27)(X * X)(w), SO

[sin mt

2 } o %(2@2@[*11)(&;) — 2(IT+ 1) (w)

IT « IT has the triangle shaped graph shown in Figure
(@) The FT ofz is
X(w) =27 % II)(w — 27 x 10)
and is sketched in Figuiz

[(w)

IT+I1(w) X(®)

| [ ®
- T 27 Whis =227 —18m

Figure 2:Sketch ofX for problem2

(b) By Parseval's theorem the energyuinis

/\x(t)|2dt— i/|X(w)|2dw— 2/% w2
27 S 2m Jo |27 K



3. 10 points The following statements are either TRUE or FALSE. If you believe a statement is true,
outline a BRIEF PROOF. If you believe it is false, provide a BRIEF COUNTEREXAMPLE.

(@) If z(t),t € Realsis a real-valued signal, its Fourier transfolXi{ /), f € Reals is also real-
valued.

(b) If z(¢),y(t),t € Reals are real-valued signals arid * y)(t) = 0,Vt € Reals then either: or
y is identically zero.

(c) If z(¢),t € Reals is a real-valued, baseband signal with bandwidthHz, then the signaj,
y(t) = 2*(t),t € Reals has bandwidth at mog#V Hz.

(d) If z(t),t € Realsis a real-valued, band-limited signal with bandwidth Hz, then the signal
y(t) = z(2t),t € Reals has bandwidtiV’? Hz.

(e) If z,y are real-valued signals with bandwidii,, W, Hz, respectively, then the signal+ y
has bandwidtiv,, + W, Hz.

Answer

(a) | FALSE.|The functionvt, z(t) = sgn(t) is real-valued, but its Fourier transformivs, X (w) =
7 which is not real-valued.

(b) Take a band-limited signalfor example;:(t) = sin(t)/t has bandwidth 1 radian/sec,
50| X (w)| =0, |w| > 1. Now takey(t) = x(t) cos(10t). ThenY (w) = 1/2[X (w—10)+ X (w+
10). It follows that X (w)Y (w) = 0 for all w. But then(z x y)(¢) = 0 for all ¢, even though
neitherx nory is identically zero.

() |TRUE.|]y « Y =X+« X *x X *xX. If X(f) =0for|f| > W,thenX « X « X x X(f) =0
for |f| > 4W.

(d) From the time scale property,(f) = 1/2X(f/2). So the bandwidth of is 2W #
W2, if W #£ 2.

(e) | FALSE.|Takey = x. Thenz 4+ y < 2X has bandwidthiV..



4. 15 points The following statements are either TRUE or FALSE. If you believe a statement is true,
outline a BRIEF PROOF. If you believe it is false, provide a BRIEF COUNTEREXAMPLE.

(a) The system that takes as input a sigmahnd produces its Hilbert transform as output is an
LTI system.

(b) The SSB-USB modulator which takes as input a signél), ¢ € Reals and produces as output
the modulated signal(t), ¢t € Reals is a linear system.

(c) The narrow-band FM system which takes as input the continuous-time sigaabl produces
as output the modulated signalis a linear system.

(d) The AM-DSB modulator is a time-invariant system.
(e) The signalvt, z(t) = cos(27 f.t + cos(27 fi,t)) has infinite bandwidth.
(f) Itis possible to recover the signadsandd from the narrowband signgl, z(t) = A(t) cos(2w f.t+

0(t))-
Answer
(@) , becausen = m x h whereh is the impulse response of the Hilbert transform.
(b) | TRUE|, because
vt a(t) = [m(t) + gin(t)]e’ ",
= (mx* (8 +jh))(t)e’ ",
(whereh is as in part (a)) and the operations above are linear.
(c) , because the signalis
Vt,  x(t) = cos 2w f.t —m(t)sin 27 f.t,
and this is not a linear relation: for example# 0 even ifm(t) = 0.
(d) . The modulator is a linear, memoryleisje-varyingsystem:
z(t) = m(t) cos 2 f..t.
(e) . The signal is periodic im with period1/ f,,, sincex(t + 1/ f,,) = cos(cos(27 f,,, (t +

1/fm)) = cos(cos(2m f,,t)). Itis also an even function of Hencez has a Fourier series
representation

2(t) =Y akcos(k2m fint),
k=0

which has infinite bandwidth.

(f) | TRUE|. Construct the signal by
Vt,  z(t) = [x(t) + ja(t)]e I3 et

wherez is the Hilbert transform oft. Thenz(t) = A(t)e??®), so A(t) = |z(t)| and(t) =
/z(1).



5. 20 points Figure 3 is a block diagram of vestigial sideband (VSB) modulation/demodulation. The

VSB filter
m(t) u(t) v(t) w(t) x(t
H(o) (30 LPF ()
) bw B
M(w) oS Oct H(w) cos Ot
0, /]
- ' | |
B B ° 0 oo ©

Figure 3:The VSB modulation-demodulation scheme of probEm

baseband signak has FTM as shown, with bandwidt® rad/sec. It modulates the carriers(w.t)

(we >> B) to produce the signal, which is passed through the VSB filter, whose frequency response
H(w) is shown. The result is the transmitted signall he coherent receiver multiplesy the carrier

to producew, which is then passed through a low pass filter (LPF) to obtain the signal

(a) Sketch the FT ofi, v, andw. Carefully mark relevant magnitudes and frequencies.
(b) Show thatr = (1/4)m if the VSB filter satisfies

Hw+w) + Hw—w.) =1, for |w| < B.

Answer We have

12 U(w) 1 V(w) = U(0)H(w)
® ®
—0Wc.-B —o:+B wc-B w:+B —0c-B —0:+B w:-B W:+B
1/4 W(w)

Figure 4:The FTs for problend

Uw) = 1[M((.uf(.uc)+]\4(w+wc)}, V(w):%H(w)[M(w—wc)+M(w+wc)]

N — DN

W) = SVw—-we)+V(w+we)
= iH(w—wc){M(w—ch)+M(w)}—|—H(w—wc){M(w)+M(w+2wc}

= iM(w)[H(w —we) + H(w + w,e)], for |w| < B



Figure4 shows the FTs for (a). Part (b) follows from the last equation.



6. 10 pointsFigure5 s a block diagram of a digital communication system. The digital channel accepts

m X digital X m
—_— coder —_— h 1 >»| decoder |——mm
101100 ... abcdab... | channe abcdabe... 101100 ...

Figure 5:The communication system for problesn

atits input port any symbol frorfu, b, ¢, d, e} and delivers it at its output port. The channel can accept
one symbol every i2sec.

(a) What is the baud rate of the channel? What is its capacity in bits/sec?

(b) A binary sourcem produces data at 1Mb/sec. (1 Mb is one million bits.) Is the rate of the
source smaller than the capacity? If it is, construct a "coder” that maps the binary source

into a sequence of symbals and a "decoder” that mapsinto a binary sequence’ such that
m =m.

Answer
(@) The baud rate i$/(2 x 10~%) = 500, 000 symbols/sec. The channel capacityis= log,(5) x
500, 000 bps.
(b) Yes.C > 106, sincelog,(5) > log, 4 = 2.
The coder should map pairs of bits into distinct symbols, the decoder should do the inverse.
They are given by the following assignments:
Coder: 00 — a;01 — b;10 —» ¢;11 — d
Decoder: a — 00;b — 01;¢ — 10;d — 11



10

7. 20 pointsm is acomplex-valuedsignal with bandwidthB,,, rad/sec whose real and imaginary parts
aremy, my respectively. Let\/ (w), M, (w) and M2 (w) be the FT ofmn, m; andms, respectively.

(a) Find M; andMs in terms of M. Show that the bandwidth efi; , ms is at mostB,,,.

(b) Design a modulation and demodulation scheme that can tramsménd my over a channel
with bandwidth2B,,, centered at frequency,. rad/sec.

(c) Give a brief mathematical argument to show that the transmitted signal is within the channel
bandwidth, and that the receiver can recover both signals.

Answer
(@) M(w) = [m(t)eI¥tdt; M*(w) = [ m*(t)e“tdt; M*(—w) = [ m*(t)e~I“!dt. Sincem +
m* = 2my andm — m* = 2jma,
M(w) + M*(—w) = / Im(t) + m* (£)]e—7“dt = 2M, (w)
M) = M () = [lm(t) = m (07 dt = 20a()

(b) The modulated signal is
z(t) = my (t) cos(wet) + ma(t) sin(wt).

To recover the signals we use coherent demodulation. Multiplycos w.t and pass the product
through a LPF with cutoff3,,, to recovenmn; multiply x by sin w.t and pass the product through
a LPF with cutoffB,,, Hz to recovenm,.

(c) We have
z(t) < X(w)

= My(w) s %[5@ —we) + 6w + w)] + Mg(w)%j[(s(w ) — 5w + we)]

1 1
= §[M1(w —we) + Mi(w+ we)] + 2—j[M2(w —we) — Ma(w + we)],
which shows thatX (w)| = 0, ||w| — we| > Bm.-
To show that the demodulation scheme works:
z(t)cos(2mft) = my(t)cos®(wet) + mao(t) sin(wet) cos(wet)
= %[ml(t) + mq(t) cos(2w.t)] + %mg(t) sin(2w..t)
— %ml(t) after passing through LPF
and similarly,
z(t)sin(wet) = my(t)cos(wet)sin(wet) + ma(t) sin®(wet)

- %ml(t) sin(2wet) + %[m(t) — ma(t) cos(2wet)]

1 .
— §m2(t) after passing through LPF



