Q1 Honor Code

O Points

Handwrite the following text on a blank sheet of paper, sign and date it, and
upload a scan/photo of it.

"As a member of the UC Berkeley community, | act with honesty, integrity, and
respect for others. All of the work submitted here is mine, and | have not
discussed the content of this exam with any other person. | have not consulted
any resources beyond the course materials and my notes during the exam. |
have not used calculators, computers, or the internet to do calculations or look
up answers."
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Instructions For the remainder of the questions, you must neatly handwrite
each answer on a separate piece of paper and upload a separate scan/photo
for each question. This means you will need at least ten sheets of paper (one
for the cheat sheet, one each for 41-4.4, and one each for Q5-Q9). Feel free to
use more than one sheet for an answer if needed. Note that both PDF and
picture/photo format (JPG) are accepted, so use whichever is most convenient.
After uploading, be sure to check that your file uploaded correctly. Do not wait
until the last minute to upload your files.

If you have a question during the exam, send me or one of the GSlIs a private
message on Piazza, and we will respond. If there is a clarification which may be
useful to everyone, we will post it on Piazza.

Please show all of your work. When citing a theorem, it is best to simply write
the statement of the theorem. Good luck!

Q2 Cheat Sheet
10 Points

Attach your handwritten 1-3 page cheat sheet below.
(update 8:26pm 2/17: in a previous announcement | said "handwritten or typed",
so if you already typed it that's also acceptable. If not, handwritten is preferred.)
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https://production-gradescope-uploads.s3-us-west-2.amazonaws.com/uploads/text_file/file/161677840/midterm_math_54.pdf?X-Amz-Algorithm=AWS4-HMAC-SHA256&X-Amz-Credential=AKIAIGIENPBVZV37ZJPA%2F20210312%2Fus-west-2%2Fs3%2Faws4_request&X-Amz-Date=20210312T050828Z&X-Amz-Expires=43200&X-Amz-SignedHeaders=host&X-Amz-Signature=15864cff1d4f4ebcfd84ac54cb3246af579e3fe88c6a14f53f2b44bdfdd3b752
https://production-gradescope-uploads.s3-us-west-2.amazonaws.com/uploads/text_file/file/161681154/cheatsheet.pdf?X-Amz-Algorithm=AWS4-HMAC-SHA256&X-Amz-Credential=AKIAIGIENPBVZV37ZJPA%2F20210312%2Fus-west-2%2Fs3%2Faws4_request&X-Amz-Date=20210312T050828Z&X-Amz-Expires=43200&X-Amz-SignedHeaders=host&X-Amz-Signature=eb23ad47c0b29c1087cccfa4d6caca88baff12863d45b30c2b1c31733000194e

Q3 True or False
20 Points

Select True (i.e., always true) or False (i.e., sometimes false) for each statement.
No need to provide an explanation. All matrices mentioned are real unless
noted otherwise.

Q341
2 Points

If the linear system Ax = 0 has at least one solution then Az = b must have
at least one solution.

Q3.2
2 Points

If the linear system Az = 0 has at most one solution then Az = b must have
at most one
solution.

Q3.3
2 Points

fx,y,z € IR3 are vectors such that {m, y} are linearly independent and
{y, z} are linearly independent, then {:1:, Y, z} must be linearly independent.


https://production-gradescope-uploads.s3-us-west-2.amazonaws.com/uploads/text_file/file/161681154/cheatsheet.pdf?X-Amz-Algorithm=AWS4-HMAC-SHA256&X-Amz-Credential=AKIAIGIENPBVZV37ZJPA%2F20210312%2Fus-west-2%2Fs3%2Faws4_request&X-Amz-Date=20210312T050828Z&X-Amz-Expires=43200&X-Amz-SignedHeaders=host&X-Amz-Signature=eb23ad47c0b29c1087cccfa4d6caca88baff12863d45b30c2b1c31733000194e

Q3.4
2 Points

If v1,vs € R3 are linearly independent vectors and v3 & span{v;,vs} then
{v1, v9,v3} must be linearly independent.

(clarification 2:21pm 2/18: you may assume VU3 € R3 above)

Q3.5
2 Points

If R is the reduced row echelon form of an m X n matrix A and Az = bis
consistent for some vector b € R m, then Rx = b must also be consistent.

Q3.6
2 Points

If A and B are n X m matrices then det(A + B) = det(A) + det(B).

Q3.7
2 Points



If A is a square matrix such that A 2is invertible, then A must be invertible.

Q3.8
2 Points

If by, b, b3 is a basis of R3 and A, B are 4 x 3 matrices satisfying Ab; =
Bb; fori = 1,2,3,then A = B.

Q3.9
2 Points

If H is a subspace of R%, vy,...v4 € H,and vy, ..., v are linearly
independent then dim(H) > 4.

Q310
2 Points

If H is a subspace of R s5and span{v 1,...v 4} = H thendim(H) > 4.

Q4 Examples



20 Points

Give an example of each of the following, explaining why it has the required

property,
or explain why no such example exists.

Q4.1 Linear Systems
5 Points

Two vectors by, by € R3 and a 3 X 3 matrix A such that the linear system
Ax = b; has exactly one solution and the linear system Ax = by is
inconsistent.
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Q4.2 PEMDAS
5 Points

Two nonzero 2 X 2 matrices A and B such that
(A+ B)?> = A* + B
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Q4.3 Onto linear transformation
5 Points

An onto linear transformation T" : RZ — R2 such that

and
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https://production-gradescope-uploads.s3-us-west-2.amazonaws.com/uploads/text_file/file/161678157/midterm_math_55.pdf?X-Amz-Algorithm=AWS4-HMAC-SHA256&X-Amz-Credential=AKIAIGIENPBVZV37ZJPA%2F20210312%2Fus-west-2%2Fs3%2Faws4_request&X-Amz-Date=20210312T050828Z&X-Amz-Expires=43200&X-Amz-SignedHeaders=host&X-Amz-Signature=2b4608407999c22a343882b5d5f135acbc40ce531747f6122c8a2bf2c4ebb53d
https://production-gradescope-uploads.s3-us-west-2.amazonaws.com/uploads/text_file/file/161679711/midterm_math_54-1.pdf?X-Amz-Algorithm=AWS4-HMAC-SHA256&X-Amz-Credential=AKIAIGIENPBVZV37ZJPA%2F20210312%2Fus-west-2%2Fs3%2Faws4_request&X-Amz-Date=20210312T050828Z&X-Amz-Expires=43200&X-Amz-SignedHeaders=host&X-Amz-Signature=0e1d11004f0571a0785b911df41ab6c21e68bd72e63d0031f3d6d181e0bfe1dd
https://production-gradescope-uploads.s3-us-west-2.amazonaws.com/uploads/text_file/file/161679993/midterm_math_54-2.pdf?X-Amz-Algorithm=AWS4-HMAC-SHA256&X-Amz-Credential=AKIAIGIENPBVZV37ZJPA%2F20210312%2Fus-west-2%2Fs3%2Faws4_request&X-Amz-Date=20210312T050828Z&X-Amz-Expires=43200&X-Amz-SignedHeaders=host&X-Amz-Signature=c64d8a61ed3515c223dbbcd36e58fbd904f8823cc37d8d302f9b12ffca5bf65a

Q4.4 Nullspace
5 Points

A 2 X 4 matrix A such that Nul(A) has dimension equal to 3.
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Q5 Outside Span

10 Points
Consider the vectors
—1 2

1 1
v1 = (2] ,v0 = |0 ,v3 = 3 |,v4=|—1 ER?’.
3 2 2 1

Find the first vector in this list which is not in the span of the other vectors.
Explain your reasoning.
N & Download

(clarification 9:33pm 2/17: "first" means the v; with the lowest index 1 =
1,2, 3,4, and "other" means all of the vectors besides v;.)

Q6 Inverse
10 Points

Consider the matrix

D
I
N
o~
00 L

(@) Is A invertible? If so, compute its inverse. If not, explain why.
(b) Find a solution x & R? to the linear system

Az =

=


https://production-gradescope-uploads.s3-us-west-2.amazonaws.com/uploads/text_file/file/161679994/midterm_math_54-3.pdf?X-Amz-Algorithm=AWS4-HMAC-SHA256&X-Amz-Credential=AKIAIGIENPBVZV37ZJPA%2F20210312%2Fus-west-2%2Fs3%2Faws4_request&X-Amz-Date=20210312T050828Z&X-Amz-Expires=43200&X-Amz-SignedHeaders=host&X-Amz-Signature=034d26fe0d96fe27e457645870e9c0d1db1f70e44976b56ffc4b1a5ca2474814
https://production-gradescope-uploads.s3-us-west-2.amazonaws.com/uploads/text_file/file/161679988/midterm_math_54-4.pdf?X-Amz-Algorithm=AWS4-HMAC-SHA256&X-Amz-Credential=AKIAIGIENPBVZV37ZJPA%2F20210312%2Fus-west-2%2Fs3%2Faws4_request&X-Amz-Date=20210312T050828Z&X-Amz-Expires=43200&X-Amz-SignedHeaders=host&X-Amz-Signature=6c002549c41c89f1997146cd43586e2bec9fd11f0dca0f6afdbf9b51725949b9

(c) Is the solution you found unique? Explain why or why not.
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Q7 Determinant
8 Points

Find the determinant of the matrix

0 2 3 4 5
1 0 3 4 5
A=1-1 0 3 4 5
0O 0 0 4 5
|0 0 0 0 4]
> & Download
Q8 Both Subspaces
10 Points
Consider the matrices
1 —2 1 1 -1 1
A= 1|-2 4 -2, B = 0 -2 1
—1 2 —1 -1 -3 1

(@) Find a nonzero vector v & R® which is an element of both of the subspaces
Nul(A) C R3and Col(B) C R3? (ie, v € Nul(A) N Col(B)). Explain

your reasoning.

(b) Are the columns of the product A B linearly independent? Explain why or
why not based on your answer to (a), without doing any matrix multiplication.
N < Download

(update 8:42pm 2/17: the entry A(2, 3) was mistakenly —4, which was a typo.
It is now fixed to —2).


https://production-gradescope-uploads.s3-us-west-2.amazonaws.com/uploads/text_file/file/161679989/midterm_math_54-5.pdf?X-Amz-Algorithm=AWS4-HMAC-SHA256&X-Amz-Credential=AKIAIGIENPBVZV37ZJPA%2F20210312%2Fus-west-2%2Fs3%2Faws4_request&X-Amz-Date=20210312T050828Z&X-Amz-Expires=43200&X-Amz-SignedHeaders=host&X-Amz-Signature=0b322d2a5d44576f089dd4b71d2392d96073c8d6dfcf69d80a8d07dd8af2cbd6
https://production-gradescope-uploads.s3-us-west-2.amazonaws.com/uploads/text_file/file/161679990/midterm_math_54-6.pdf?X-Amz-Algorithm=AWS4-HMAC-SHA256&X-Amz-Credential=AKIAIGIENPBVZV37ZJPA%2F20210312%2Fus-west-2%2Fs3%2Faws4_request&X-Amz-Date=20210312T050828Z&X-Amz-Expires=43200&X-Amz-SignedHeaders=host&X-Amz-Signature=96a1fc76dccb644aa2d6ac727a064f9edf1722c15353e1daabad6610840483a5
https://production-gradescope-uploads.s3-us-west-2.amazonaws.com/uploads/text_file/file/161679991/midterm_math_54-7-8.pdf?X-Amz-Algorithm=AWS4-HMAC-SHA256&X-Amz-Credential=AKIAIGIENPBVZV37ZJPA%2F20210312%2Fus-west-2%2Fs3%2Faws4_request&X-Amz-Date=20210312T050828Z&X-Amz-Expires=43200&X-Amz-SignedHeaders=host&X-Amz-Signature=f19b07fe8705995c556858cb372d6a6cd872adfb7ae0e567eae4250203665287

Q9 Rotation and Reflection
12 Points

Let Tﬂ-/ﬁ : R? — R? denote the linear transformation which rotates a vector in
R? counterclockwise by 7 /6 radians. Let They - R? — R? be the linear

: , L1 .
transformation which reflects a vector x = [a: } across the line 1 = @».
2

(@) Sketch a cartoon illustrating what these linear transformations do to the

)
vectore] = Nk

(b) Find the standard matrices of Tﬂ/ﬁ and T,nef.

(c) Find a nonzero vector v € R? such that

T7r/6 © Tref (’U) = Tref o T7r/6 (’U)

or explain why no such vector exists.
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(clarification 2:21pm 2/18: for part (a), your sketch should show what each
transformation by itself does to the vector e1)


https://production-gradescope-uploads.s3-us-west-2.amazonaws.com/uploads/text_file/file/161679992/midterm_math_54-9-10.pdf?X-Amz-Algorithm=AWS4-HMAC-SHA256&X-Amz-Credential=AKIAIGIENPBVZV37ZJPA%2F20210312%2Fus-west-2%2Fs3%2Faws4_request&X-Amz-Date=20210312T050828Z&X-Amz-Expires=43200&X-Amz-SignedHeaders=host&X-Amz-Signature=09379cca5907efadd9536362a1d934863bc49fc2e257d592c7d31d2d524e97cd




