University of California, Berkeley
Department of EECS
EE120: SIGNALS AND SYSTEMS (Spring 2021)
Midterm 1 Solutions

Issued: 12:15 PM, February 22, 2021 Due: 1:45 PM, February 22, 2021

Full Name: SID:

Berkeley Honor Code: “As a member of the UC Berkeley community, I act with honesty, integrity,
and respect for others.”

As a member of the UC Berkeley community, I act with honesty, integrity, and respect for others.

Problem 1: (40 pt) Period of signals. Determine the period of the following continuous time (x(¢)) or
discrete time (x[n]) signals. For periodic signals, fill the blank with fundamental period, for aperiodic
signals, fill the blank with "N/A". No proof is needed, nor will it be graded. Use the provided space as
draft space.

Solution:
For example, for z(t) = sin(t), the table is:

‘ signal fundamental period ‘
‘ x(t) = cos(t) 2 ‘
signal fundamental period signal fundamental period
x(t) =sin(3t — 1) L x[n] = sin[3n — 1] N/A
x(t) = sin(5t* — 1) N/A z[n] = sin[Zn® — 1] 6
z(t) = sin® (5t — 1) 3 z[n] = €75 cos[En] 48
w(t) = elmt=1) 2 x[n] = cos[r + 0.2n] N/A
w(t) = ettmi=b) N/A z[n] =S 0 e Py[2n — k] 1




. x(t) = sin(3t — 1). This is a sine function with frequency of 3.

T="
3

. x(t) = sin($t* — 1). Suppose (for contradiction), that the period is 7'. Then,

x(t+T) =z(t)

2
Sin(th + %tT + gTZ 1) = sin(th —1).

Then, there would exist an integer m € Z that for all ¢ € R can make

2
T + L
3 3

T? +2tT = 6m

Since ¢ is continuous in R, there does not exist an integer m that will make 72 + 2tT = 6m
happen. So, this signal is not periodic.

. z(t) = sin®(§t — 1). Because (t) = sin(5¢ — 1) has fundamental period 6, so the squared
version z(t) = sin*(5t — 1) has all the negative lobe flipped to be positive (sketch it out to see
what this would look like). Hence, the fundamental period is decreased by a factor of 2. The
period is now 1" = 3.

This fact can also be verified using Euler’s formula or properties of sines.
. 2(t) = &/™=1, Suppose T is the period, then

ot +T) = a(t)
ej(ﬂ'H-TrT—l) — €j(ﬂ-t_l).

The phase of complex exponential repeats every 27. So the signal is periodic when 1" = 27.
So period is T' = 2.

. 2(t) = €™~V This signal can be written as
z(t) = ™D = e~temit = o~ (cos(mt) + j sin(rt)).
It is a complex oscillation with an exponential decay modulation. So, the signal is not periodic.

. z[n] = sin[3n — 1]. 37 is not a rational number, thus this DT signal is not periodic.




7. x[n] = sin[fn® — 1]. Suppose N is the period. We need that IV to make the following equation
hold,

zln + N| = z[n]
2
sin[zn2 +IN? o —WnN] = sin[zrﬂ].

3 3 3 3

Then, we need to make sure that there exist an integer m € Z that can make

2
zN2 + —WnN = m2m
3 3

N2 +2Nn = 6m

as long as we can find an N that can make for all n € N, N? 4+ 2Nn is multiple of 6, that N
will be the period. For N = 6, m = 6 + 2n, Vn. Therefore, N = 6 is the period.

8. x[n] = €75 cos[%n]. This signal can be written as
x T
x[n] = e’s" cos[gn] = x1[n]xs[n]

with
z1[n] = ’5", and x4[n] = COS[%TL]

The period for 1 [n|, xo[n] are 71 = 16 and 75 = 6. So for x[n] = z1[n|xs[n], the signal value
repeats every 16 X 3 = 48 time points.

16

_ 16x6 ¢
gcd(16,6)

9. z[n| = cos[m 4 0.2n]. Suppose N is the period.

z[n + N| = z[n]
cos[m + 0.2n + 0.2N] = cos[m + 0.2n].

There is not any integer m that satisfies 0.2N = 27m. So, this signal is not periodic.

10. z[n] = >0 e~ @My [2n — k]. Suppose N is the period.

zn+ N| = Z e~ t2N=K)y (20 + 2N — k)

k=—0oc0




Letm =k — 2N,

zn+ N| =

k=—o00

As long as k is an integer, z[n + N]
fundamental period, is NV = 1.

= x[n].

Z e~ GnH2N=R)y (on 4+ ON — k)

Ze @n=m)y[2n — m] = z[n].

m=—0Q

Thus the smallest positive choice of NV, the

Problem 2: (48 pt) System properties. Fill in the table for the following systems described by input-
output relationships. Specify if the system is 1) linear or not, 2) time-invariant or not, 3) memoryless or
not, 4) causal or not, 5) stable or not. If you identify the system as LTI, determine the impulse response
function. If you identify the system as non-LTI, put "N/A" for the impulse response. For each system,

x(t) or x[n] is the input, y(t) or y[n] is the output.

Use "v'" to indicate yes, use "x" to indicate no, "N/A" for not applicable. No proof is needed, nor

will it be graded. Use the provided space as draft space.

Loy(t) =z(t+3)—z(1—1)
2. y(t) = x(2t)
3. y(t) = cos(2z(t))
4. y(t) = fjoo z(u)e= % dy
5. yln] = >k, w[k]
(=1)"x[n] =z[n] >0
6wl = 2z[n| xz[n] <0
7. y[n] = max{z[n], z[n +1],.. ., z[oc]}
8. y[n] = x[n]z[n — 1]
Solution:

For example, for an LTI, not memoryless, non-causal, and stable system y(t)

= z(t + 2), the table is:

system | linear | time invariant

memoryless

causal

stable

impulse response h(t) or h[n]

e.g. v v

X

X

v

h(t) = 8(t +2)




system | linear | time invariant | memoryless | causal | stable | impulse response h(t) or h[n]
1 v X X X v N/A
2 v X X X v N/A
3 X v v v v N/A
4 v v X v v e~"u(t)
5 v v X X X u[—n]
6 X X v v v N/A
7 X v X X v N/A
8 X v X v v N/A
Linear

For a continuous time system, suppose (z1(t), y

1(t)) and (z2(t), y2(t)) are input-output pairs for this

system. Consider x(t) = a121(t) + asz2(t) as an input where vy, s € C.

For a discrete time system, suppose (x1[n

Iy
]

1[n]) and (z

o[n], y2[n]) are input-output pairs for this

system. Consider z[n] = ayx1[n] + asaz[n| as an input where a1, as € C.

1. Linear. y(t) = 2(t+3) —2(1 —t) = 121 (t +3) + ax2(t +3)) —a1x1 (1 —t) —agza (1 —1t) =

ap(zy(t+3) —21(1 = 1)) + az(zo(t + 3)) — 22(1 — 1)) = arya (t) + axya(t).

2. Linear. y(t)

= 2(2t) = a1 (2t) + a2xo(2t)) = aqyr(t) + aaya(t).




. Notlinear. y(t) = cos(2z(t)) = cos(2a121(t)+20022(t)) # aq cos(2z1(t))+aq cos(2x2(t)) =

a1Y1 (t) + 29 (t) .

Linear. y(t) = [*__x(u)e"9du = [*_(onz:(u) + asws(u))e” " du =
aq ffoo r1(w)eWdu + o ffoo zo(w)e~Wdu = ayyy (t) + anya(t).

. Linear. y[n] = > 77 xlk] =Y o (oqx1[k] + aoxslk]) = an D o, w1[k] + a0 D> e, @a[n] =

aqy1[n] + asye[nl.

Not linear. For the input 2[0] = 1, y[0] = 1. If 1][0] = —1z[0], y[0] = —2 # —1y[0]. It does
not satisfy scaling property. So this system is not linear.

Not linear. y[n| = max{(aiz1[n] + asza[n]), (cazi[n + 1] + agzo[n + 1)),. .., (anzi[oo] +
Qaxo[o0])} # ay max{xi[n], z1[n + 1],..., x1[00]} + ag max{zs[n], xe[n + 1], ..., z2]o0]} =
aqy1[n] + asys[n]. To easily show that the two expressions are not equivalent, try making the
as negative.

Not linear. y[n] = (yz1[n] + aszs[n])(arzi[n — 1] + asas[n — 1)) # ayzq[n|rin — 1] +

asxa[n]zaln — 1] = aqyi[n] + asya[n).

Time invariant

For a continuous time system, consider a new input Z(t) = z(t — 7), V7 € R.
For a discrete time system, consider a new input Z[n] = x[n — N|, VN € Z.
1. Not time invariant. §(t) = 2(t +3) —2(1 —t) =2(t —7+3) —z(l =t —7) £ 2(t — 7+
3)—x(l—t+7)=y(t—71).
2. Not time invariant. §(t) = 2(2t) = (2t — 1) # x(2t — 27) = y(t — 7).
3. Time invariant. §(t) = cos(2z(t)) cos(2z(t — 7)) = y(t — 7).
4. Time invariant. ¢ (¢ f o e Idy = ['w(u—r)e”Wdu =
[T w(u)e - (“+T = f w)e~ v dy = y(t — 7).
5. Time invariant. g[n] = > " Z[k] => " xlk— N|]=> ;" yz[k] =y[n— N].
—1)"z t[n] >0 —1)"zn— N —N]>0
6. Not time invariant. y[n] = (=1)"{n] - &ln] = = (=1)"aln I aln )= +
22 [n| z[n] <0 2z[n — N]| zln—N] <0

(=1)" Ngln—N] xn—N]>0

2l — N s — N <o S oAb Al # vl = A




A

7. Time invariant. y[n| = max{Z[n|,z[n + 1],...,2[cc]} = max{z[n — N],z[n — N +
1],...,z[co — N|} = y[n — N].

8. Time invariant. y[n] = Z[n|z[n — 1] = z[n — N]z[n — N — 1] = y[n — N].

Memoryless.

1. Not memoryless. Att = —1, in order to compute y(—1), we need x(2) which is not at the
current time.

2. Not memoryless. At ¢ = 1, in order to compute y(1), we need x(2)) which is not at the current
time.

3. Memoryless

4. Not memoryless. In order to compute y(¢), the system needs values of x(t) from —oo to ¢,
most of them are not at the current time.

5. Not memoryless. In order to compute y[n], the system needs values of z[n] from n to co, most
of them are not at the current time.

6. Memoryless.

7. Not memoryless. In order to compute y[n], the system needs to check values of x[n] from n to
00, most of them are not at the current time.

8. Not memoryless. At n = 0, in order to compute y[0], we need x[—1] which is not at the current
time.

Causal

1. Not causal. Att = 1, in order to compute y(1), we need the future signal x(4).
2. Not causal. Att = 1, in order to compute y(1), we need the future signal x(2)).
3. Causal.

4. Causal.

5. Not Causal. In order to compute y[n], the system needs to check the value of x[n] from n to
00, most of which are in the future time.

6. Causal.




7. Not Causal. In order to compute y[n], the system needs to check the value of z[n| from n to
0o, most of them are in the future time.

8. Causal.

Stable
For continuous time system, consider a bounded signal |x(t)| < M as input,
For discrete time system, consider a bounded signal |z[n]| < M as input

1. Stable. |y(t)| < 2M < oc.

2. Stable. |y(t)| < M < oc.

3. Stable. |y(t)] <1 < oc.

4. Stable. |y(t)] < Me™* fjoo e =etMe' = M < .

5. Not stable. |y[n]| <> M = .

6. Stable. |y[n]| < 2M < 0o

7. Stable. |y[n]| = | max{z[n],z[n +1],...,z[c0]}| < M < 0.
8. Stable. |y[n]| < M? < oo

Impulse response
Set z[n| = d[n],

4.

) t<0
et fjoo d(u)e'du+0, t>0

0, t<0
et [7 S(u)e'du, t>0

_J0, t<0
et [1_d(u)etdu+ et [ 5(u)erdu, t>0




5. hln] = 0 8[k] = (1) Z i g — u[—n).

Problem 3: (80 pts) Multiple choices. Circle your choice. No proof is needed, nor will it be graded. Use
the provided space as draft space.

1. What is the magnitude of (j — 1)e/~1?
z
(b) j—1

©1
(d 2

2. What is the phase of ¢/~1?

(a) —1
(®) Jj
()1
d v2

3. A memoryless system must also be

(a) not sure, because memoryless does not imply other properties of this system

causal

(c) stable

(d) noncausal

4. Which of the following systems is stable?

() y(t) = log(z(1))

((6)) y(t) = exp(a(t))

(c) an LTI system with impulse response h(t) = sin(t)
d) y(t) =tx(t)+1

5. Is the LTI system with impulse response h(t) = exp(—t)u(t) stable?

@ Yes



(b) No

(c) It depends on the input.

6. Compute the convolution (exp(—at)u(t)) * u(t)), where u(t) is the unit step function.

@ (&~ Lexp(at)u(~1)
() (4= Lexp(—at))u(-1)
© (& — Lexp(at))ut)

(@) (2 — Lexp(—at))u(t)

7. Compute the convolution A[n| * §[n — 5].

8. Write an LCCDE characterizing the following system:

ol () ol
-1/3 D
1/4 D
(@) y[n] = z[n] — sx[n — 1] + x[n — 1]
(b) y[n] = z[n] — tz[n — 1] + tz[n — 2]
© yln] = z[n] — 3yln — 1] + gyln — 1]
(@) yln) = afn] - Syln — 1] + Lyln —2

9. What's the Fourier transform of rect(t) = u(t + ) — u(t — 3)?

(a) sin(7f)
(b) sin(w)

10



(C) sin(w)

w

sin(w f)
wf

10. What’s the Fourier transform of cos(wot + ¢)?

(a) sin(wt + ¢)
(b) cos(mf)
@ Ted(w — wp) + e (w + wp)

(d) me?(6(w — wo) + 6(w + wo))

Problem 4: (72 pt) Echoed Signal. You’re recording sound in a room with an echo, so your microphone
picks up both the original signal and a delayed, attenuated version of the signal. You decide to model this
process as an LTI system with impulse response

h(t) = 6(t) + Bo(t — av).

h(t)
(1)

(5)
I
!

In this problem, we will examine the behavior of this system in the frequency domain.

1. (10 pt) Find the Fourier Transform of the impulse response, H (w).

Solution:
Apply the CTFT analysis equation:

H(w) = /00 h(t)e ™" dt

o
o0

= / (6(t) + Bo(t — @))e ™" dt

o0

=14 e,

2. (12 pt) For & = 2 and /3 = 1, find expressions for and plot the magnitude and phase of H(w). Your
expressions should be closed-form, but piecewise expressions are allowed.

11



Solution:
Plugging in the given values for « and (3, we have

H(w) =14 e,
Factor out an e~ to get
H(w) =e (" + e ™) = 2e™ cos(w).
Take the magnitude and phase to get

!H( )| = |2 cos(w)].
H(w) = Ze ™ + /2 cos(w).

The phase of e™* is —w, and the phase of 2 cos(w) is 0 when cos is positive and 7 when cos is

negative. So,

0, wel-7,

T, we (%,

| + 2km;
|+ 2km

where k£ € Z.

s
2
_T
2

|H(w)]

NI
N

12




3. (12 pt) Let the input signal, =(¢) be a triangle wave, as pictured below. Note that all subsequent
parts of this question will use this definition of z(¢).

/7 g

x(t)

x(t) = t,Vt € [0,2], and x(t) repeats with a period of 2.
Find the CTFS coefficients a; in the complex exponential representation of z(t).

Solution:
The signal has a period of 2, so the fundamental frequency is wy = 27“ = .
1 ? —imkt
ap == [ x(t)e dt.
2 Jo
For k = 0,

1 [,
= [ tat
Qe 5 /0 (&
1 /2
= —/ tdt = 1.
2 Jo
For k # 0, we can use integration by parts, choosing v = ¢ and dv = e~ "™ dt.
I
ap = —/ te R qt
2 Jo

2 1 2
—imkt
—— dt
¥ 2ink /0 ‘

—imkt

~ 2irk
2
_ __167i27rk _ 1 e—imk
itk 2(imk)? 0

13



For integer k, e **™ =1, so

I N B
W=k 2(imk)? Tk’

4. (12 pt) Show that, if the CTFS coefficients of an arbitrary signal g(¢) are represented by b in
complex exponential representation, then the CTFT of ¢(t) is

Gw) =AY brd(w — kw),

and find a value for A.
Hint: start with the inverse CTFT of g(t). What does the resulting expression look like?

Solution:
Following the hint, plug in the given expression for G(w) into the inverse CTFT:

g(t) ! /00 G(w)e™! dw

:% .

A [ .
= % ( Z bk(S(w — ka)> €ZWt dw
—o0 a

A [ -
= 2— <Z bkewté(w — ka)) dw
™
—00 A

Applying the sifting property of the Dirac delta,

o(t) = % / h ( ;bkeikwoté(w - kw0)> o

A .
— % Z bkelkwot.
k
The CTFS expression for g(t) is
o) = b

k

which exactly matches the above expression for ¢g(t) when A = 27.

5. (12 pt) Find the CTFT X (w) of the input signal =(¢) defined in part 3. Find an expression for and
plot (with carefully labeled ticks on both axes) the magnitude | X (w)| in the range w € [—4m, 47].
Leave your expressions in summation form.

Hint: the magnitude of a series of delta functions with different shifts can be written as

D ASE-T)| =) Aot —T).

14



Solution:
Using the equation relating the CTFS and CTFT from the previous part, we have
X(w) —QWZCL;C(;W—/{HT)—QW(; —QZ —(w — k).
k20 |
Following the hint, the magnitude of X (w) is
X = l2nlb) + 3 | - 2 [ot
k#0
:27r5(w)+2 k dw — km)
= I¥]
X
(QW)P @)l
@ | @
1 1
IR T T U CYREY
PO S . I S S
—4r =37 27 —T ™ 27 3T 47

6. (14 pt) If y(t) = x(t) * h(t), find the CTFT of y(t), Y (w).
Find an expression for and plot the magnitude |Y (w)] in the interval w € [—4m, 47| for the following
values of « and f3:

@ a=3,8=1/2
(b) a=2,8=1/2

Solution:
Convolution in time corresponds to multiplication in frequency, so

V(w) = H(w)X (@) = 27 (1 + ) (w) — 2(1 + fe=2) 3 %5@ ~ k)
k0

2m(1+ 5)0(w) — 2 Z (14 Be ™) §(w — k).

320

15



As in the previous part, we can take the magnitude of Y (w) to get

Y (w)| = 27|14 B6(w) +2) —k (1+ Be ™) |§(w — k).
k0
(a) Foraw=3and 8 = 1/2,
1 .
Y (w)| = 376 (w +2Z|k|‘1+§el3”k5(w—kﬂ).

k=0

e~k is 1 for even k and —1 for odd k, so we can write out the magnitude as

1
’ ( ’ _37T(5 kz#o |2k‘ W)+;m(5(w—(2k+1)ﬂ).
<3W>£|X<w>
~ &)

(3) . (1) (1) . (3)
f9 T 4 ) YU

—47 —37 —27 —T ™ 27 3 47

(b) Fora =2and = 1/2,
Yl = 700 + 23 g1+ oot -

—i2mk is always 1, so we can write out the magnitude as

V()] = m0) + 3 e

16




(3) (3)
(3) (3)
1 1
@ W Vo
1 N N
-4 =37 27 -7 m 2m 37 4dm
Problem 5: (60 pt) RL circuits.
Consider the following RL circuit
L
_YYM
+ +
Vin(t) 1(t) R Vour (1)
The system can be represented by the equation
dI(t
RI(t) + L% = Vin(2).

Vin(t) is the input, and the voltage across the resistor is the output, V,,.(t) = Vg(t) = RI(t). The system

is causal and starts at rest.

1. (14 pt) Find the impulse response A (t) for the voltage across the resistor. Assume the current through

the resistor is of the form Ae* u(t).

Solution:

RAe*u(t) + LAse®u(t) + LAe*6(t) = 6(t).

17

Substitute 7(t) = Ae*u(t) into the LCCDE, and set right hand side x(t) = (t), we have




The right-hand side is 0 when ¢ # 0, so we must make the left-hand side 0 for nonzero ¢ as well.
Since A # 0 and e # 0, in order to make the factors for u(¢) to cancel out, we must choose s
such that

RAe*u(t) + LAse®u(t) = 0.

So, s = — . The terms containing §(¢) must match as well:
LAe T'5(t) = §(t).

Att =0,0(0) # 0, so we can remove J(t) from both sides, at t = 0 then we have

LA =1,
SO )
A= T
In total we have I(t) = %e_%tu(t). Now the output voltage across the resistor when the input

is 6(t) will be

h(t) = RI(t) — %e?tu(t).

2. (12 pt) Assume the system is at rest, and at £ = 1 s and ¢t = 1.1 s, it receives two sudden impulse
shocks from Vj,. This can be modeled as two impulse inputs as V;,,(t) = §(t — 1) + 6(t — 1.1).
Calculate V,,,(t) for input V;, (t) = 6(t — 1) + 0(¢t — 1.1) and sketch V,,,.(t).

For sketching, you can use the following set of parameters: R = 1 m(2, and L = 100 uH, label the
location and heights of peaks.

Solution:
Vin(t) =0(t —1) 4+ d(t — 1.1), so

‘/:mt(t) = V;n(t) * h(t>

=0(t—-1)+dt—1.1))x %e_LRtu(t)
= %eg(tl)u(t - 1)+ %eg(tl'l)u(t —1.1)

For R = 1 mOhm, and L = 100 uH, % =10s7!

18



14
1o Vout (1)
10 ¢
]|
61
41
9|
‘ ‘ t
0.5 1 1.5 2
The two terms of the expression for V(%) are shown in green and yellow, respectively.

3. (10 pt) Find the frequency response H (w) for the voltage on the resistor.

Solution:
Frequency response H (w) is the CTFT of A(t).
Fih(t)} = / SeEtur)e

—0o0

:/ Ee’%te’j”tdt
o L

R_1 &
L2+ jw 0
p— R p—
- R+jwLl

H(w).

4. (8 pt) Sketch a well-labeled magnitude plot of the frequency response.

Solution:

R R

R+ jwL R? + (Lw)?

[H(w)| = |

It’s a even function of w, and |H (w)| take the maximum value at w = 0.

19




5. (16 pt) Find the output when the input is V;,,(t) = e u(t).

Solution:
In order to find the output V,,,(t), we need to solve the equation for the current of the circuit.
Assuming the homogeneous solution of the current y;,(¢) is of the form

yh<t> = A€St7 A 7& 0.
Substitute yy,(¢) into the LCCDE, and set the right hand side to z(¢) = 0.

RAe*t + LAse’t = 0.

Since A # 0, €% # 0, we must have s = —% to make the left-hand side 0. So the homogeneous
solution of the current is
yn(t) = Ae ',

Assume the particular solution of the current evolution y,(¢) is of the form
y,(t) = Ke" K #0,Vt > 0.
Substitute y,(¢) into LCCDE, and set the right hand side to x(t) = e*. So, for ¢ > 0,
REKe" + LKbe" =",

Comparing both sides, we have
b=—1,
1

RK — LK =1,50 K = ——.
SO A1

20




Thus, we have .
. Le_tu(t).

I(t) = yn(t) +y,(t) = Ae*%t%—ﬁe‘tu(t). Since the system starts at rest, for t < 0, y(¢) = 0,

?Jp(t) =

and when t = 0, y(0) = A+ z=7 = 0. Thus, A = =, and
(6) = 7= = utt)
y(t) = T—xle e u(t).
So the output when input is V;,, () = e "u(t) is
R
Vour(t) = RI(t) = (e 2 — ¢ ul?)
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