Physics 7B Lecture 2 Midterm 1 Problem 1

Taige Wang
(Dated: February 26, 2021)

1. When we talked about thermal expansion, we chose to reference the change in the

length of a rod by its length Ly at its initial temperature Ty :
AL = LoaAT
from which we found that the length of the rod at temperature T is
L = Lo(1+ aAT)
Here, AL = L — Ly, AT =T — Ty, and « is the linear coefficient of expansion.

(a) Suppose we chose to reference the change in the length of the rod by its length L at

temperature T instead of Ly so that

AL = LaAT
and & is the linear coefficient of expansion with this choice. What is L in terms of
Lo, AT, and & with this choice?

Solution: (6 pts.) Since AL = L — Ly, we have
L — Ly = LaAT (2 pts.) (1)

We can reorganized the equation as

Lo

L(l—OéAT):LO —— L:m

(4 pts.) (2)

(b) What is & in terms of o and AT?

Solution: (7 pts.) Now we compare this new expansion formula with the old one,

Lo

After some algebra we find
1 1 1 o
1—aAT = —— N = 1— = 4 pts.) (4
= Trear ¢ AT( 1+aAT> TTaar  Apts) ()



(c¢) The expression obtained in part a for L should be different from Eq. (1) above. Given
the typical size of «, are these differences significant? Justify your answer in detail.

(You might find the approximation (1 + u)? ~ 1 + pu for u < 1 useful.)

Solution: (7 pts.) To compare these two formulas, we actually need to compare «

and a. We first Taylor expand & in terms of «,
a=a(l+aAT) ™ = a(l — aAT) (4 pts.) (5)

Since avis small, o2 AT is extremely small for almost all materials. Thus, the differences
are not significant (these types of terms get ignored when calculating the volumetric

expansion) (3 pts.).
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2. (a) (8 points) When the system reaches equilibrium, we have ice and liquid water coexisting in the
container, both at the same temperature 7. This can only happen at the phase transition tem-
perature, which for water is 0 °C.

T=0°C (2 points) (1)

The explanation is worth 6 points.

e 6 points: clear, complete, correct explanation

e 5 points: one minor error/omission

e 4 points: multiple minor errors/omissions or one major error/omission
e 3 points: multiple major errors/omissions

2 points: only one clear, correct, relevant statement

1 point: nothing that would lead to a correct answer

e 0 points: no explanation

Partial credit was be given for calculating T from Mmice, Cices Tice, Ma, Cw, and Ty,. Students
cannot receive points for this if they received any of the previous points.

0= Qice + Qw (2)
= MyiceCice (T - Tice) + Moy Cop (T - Tw) (3)

Mice Ciceﬂce + My Cyw Crw

T= (3 points) (4)

MiiceCice T M Cu
(b) (12 points) Let Qe be the heat absorbed by the ice and @, the heat absorbed by the liquid
water (note that this will be negative, because the water lost heat). The total heat absorbed by
the system is Qpnet = Qice + Q- Since the system is thermally isolated, there is no exchange of
energy with the surroundings, ie Qe = 0. Since no ice melted and no liquid water froze, there
will be no latent heat (2 points). This means that all of the heat absorbed by ice and the liquid
water will each be given by

Q = mcAT (2 points). (5)

Putting everything together, we get

0= Qnet (6)
= Qice + Qw (2 points) (7)
= MyceCice (T — Tice) + Maycw (T — Tyy) (4 points) (8)
My _ Cice (T - Tice) (9)
Mice Cyw (Tw - T)
_ _ CiceTice (2 points) (10)
Cwlw

where we have used T'= 0°C in the last line. Because our formula depends only on temperature
differences, we can do everything in Celsius. Since we have use T in Celsius, our final answer
is only valid with T;.. and T,, in Celsius. Note that the mass ratio is positive, because T;.. is
negative in Celsius.
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3. Consider a monatomic gas in a container. As we are interested only in motion
along the x-direction, take the probability of finding a particle with velocity between

v, and v, + dv, to be,
m

27T]{ZBT
and the average of any quantity B(v,) per particle to be,

dP =N e~/ 2kBT gy (1)

1 o0
)= [ B)ar ®)
Here, m is the mass of a particle that makes up the gas.
(a) We can represent the velocity of a particle along the positive z-axis to be:

vjz Uy ?fvx>0 (3)
0 if v, <0

What is (v))? Express it in terms of m, T, and kg.
Solution: The definition of the average of an arbitrary function implies,

1 o m 2
+\ & +N —mv$/2k3Td . 4
() ]V[m% kgl ! (4)

However, since v} is 0 for v, < 0, the integral can be done from 0 to co instead. After that,
it is a matter of calculating,

1 > m 2
+\ — N —mvz/QkBTd 5
() NA e 2k T o ©)
m o 2
— —muz/2kgT d 6
V%@TAQW Ve (6)

m 2/{JBT o w2
“\ T m /0 ue™ " du (7)

=4/ 2k T / ue™ du (8)
mr J,

where in the second to last line, we have used a substitution

2 2kpT
2 MYy = v, dv, = B

W= -~ udu (9)

This is a Gaussian integral that can be done via Feynman’s trick or by looking at the integral
table. The integral table. There it says,

o 1
/ w2 le™ du = =nl (10)
0 2

where we use the n = 1 case. Substituting that into our equation, we get,

) =\ g a
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(b) What is ((v])?)? Express it in terms of m, T, and kg.

Solution: The definition of the average of an arbitrary function implies,

<<U; )2> - %/ (07N 2£BT€_mvg/%BT do (12)

However, since v, is 0 for v, < 0, the integral can be done from 0 to oo instead. After that,
it is a matter of calculating,

(60 = /0 (1" N\ [ e ™20 du (13)

_ m > 2 =i /2kpT 14
\ 27T]€BT/0 (ve)" e v (14)
m QkBT 3/2 o0 2 2
=/ d 1
2rkpT ( m ) /0 e " (15)

_ 2k T ue™ du (16)
mym Jo

where in the second to last line, we have used a substitution

2 2%kpT\ "
u? = ;Z:% = vidv, = (TB) udu (17)

This is a Gaussian integral that can be done via Feynman’s trick or by looking at the integral
table. The integral table. There it says,

/Oo w2 dy = YT 2n— D! (18)

on+1 n!

where we use the n = 1 case. Substituting that in,

(@) = (19

2m

20 points

Set up Eq. 4 gets 5 points

Simplify to Integral Eq. 8 gets 3 points
Answer Eq. 11 gets 2 points

Set up Eq. 13 gets 5 points

Simplify to Integral Eq. 15 gets 3 points

Answer Eq. 19 gets 2 points
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6 pts 3pts for correct answer + 3pts for correct explanation
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L2 MT1 Problem 5 Rubric

a)
.Correct Analysis (+3 points)

b)

.Correct Relation for Adiabatic Process (b ->c) (+1 point)
.Correct Relation for Isothermal Process (a->b) (+1 point)
.Correct Relation for The given Process (c->a) (+1 point)
.Correct Answer (+4 points)
.Minor Mistake (-1 point)
c)

.Correct Heat for Adiabatic Process (b ->c) (+1 point)
.Correct Heat for Isothermal Process (a->b) (+2 point)
.Correct Heat for The given Process (c->a) (+3 point)
.Correct Answer (+1 point)
.Minor Mistake (-1 point)
d)

. Correct Work (+1 point)

. Correct Heat (+1 point)

. Correct Answer (+1 point)

.Minor Mistake (-1 point)





