4/15/2020

Midterm 2: Designing Information Devices and Systems Il (Spring 2020)

Due For Available from Until

- 1 student Apr 10 at 11:10am Apr 10 at 1:25pm
- 1 student Apr 9 at 10pm Apr 9 at 10:35pm
- 1 student Apr 10 at 11:10am Apr 10 at 2:10pm
- 1 student Apr 10 at 11:10am Apr 10 at 12:40pm

[Frovew

(D Correct answers are hidden.

Score for this quiz: 25 out of 25
Submitted Apr 15 at 10:42pm
This attempt took 3 minutes.

Question 1 1/1 pts

A dynamical system model for an epidemic with total population
N = S + I + R, where S is the number of susceptible individuals, [
is the number of infected, and R is the number of recovered, is modeled

by
d IS
Lo _p~
dt AN
d IS
Cr-822 _~1
el ]
d
S R=nI
a7

Here, we use real numbers since integer granularity is not required.
Consider the situation before the onset of the epidemic, with § = N,
I = 0,and R = (. The linearized state-space model is given by
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~ ~

d —A

dt

=St Sa ®»
St Sa O

where the lower case variables with tildes are the linearized variables for
the model. Then, the matrix A is given by:

-8B -8 0
A=|B B—-7 0
0 0% 0
0 -8 0]
A=1|0 -8 0
0 v 0]
0 -8 0]
A=1|0 B—v O
0 v 0.
[0 0 O
A=10 0 O
(0 0 O
-8 -8 0
A= 0 B—~ 0
| 0 vy 0
Question 2 1/1 pts

A system %5’; = A2 + Bu has controllability matrix

C=[B AB ... A*'B]
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Suppose that z = T'z, where T is an invertible matrix. What is the
controllability matrix for the system resulting from this change of

coordinates?

TC
TCT!

cT!

Question 3

0
) . 0
Given the matrix A = 0

0

1
0
0

0

o N O

0

1/1 pts

w o O

0

Which of the following are true statements about the Singular Value

Decomposition (SVD) of A?

1. All eigenvalues \; of A AT are identical to each other.
2. Non zero singular values are 01 = 3,09 = 2,03 = 1.
3. Removing the last row of A doesn't change the non-zero singular

values.

1 and 2 only.

2 and 3 only.

1 and 3 only.

https://bcourses.berkeley.edu/courses/1491216/quizzes/2305597 ?preview=1

4/29



4/15/2020 Midterm 2: Designing Information Devices and Systems Il (Spring 2020)

1 only.

1,2, and 3.

Question 4 1/1 pts

Which of the following statements about the Singular Value
Decomposition (SVD) is true when written in the form

——T ——T . :
A=ciuiv; + osusvy +-- .? Assume that all o;, the singular

values, are non-zero.
— —
{ula

Uug, . .. } is an orthonormal basis for the column space of A.

The singular values, 03, are real numbers of arbitrary sign.

The SVD separates a rank 7 matrix 4 into a sum of » — 1 rank 1
matrices.

The SVD of a matrix A is unique.

None of the others.

Question 5 1/1 pts

The dynamics of an epidemic, with a fixed population [NV are sometimes
modeled with a state-space model of the form:
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d IS
S g__p~
dt AN

d IS
L1822 _ .1
=By 7
d

S R—nI

at v

where S is the number of susceptible individuals, [ is the number of
infected individuals , R is the number of recovered individuals, and

N = S + I + R is the total population. Although numbers of individuals
are integer valued, we use real numbers in this exercise since integer

granularity is not needed. Positive constants 8 and 7Y parametrize the
epidemic dynamics.

How many equilibrium points does the epidemic dynamics of the model
above have?

Infinitely many

Any point with T = ( is an equilibrium point. There are infinitely
many such choices.

Question 6 171 pts
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When the system %EE — Az is discretized at a certain sampling period,

the resulting discrete-time state space model is Z4(t + 1) = AgZ4(t).

What is the state space model when %5} = 2A7 is discretized at the

same sampling period?

?IEd(t + 1) = 2Ad:§d(t)
:l:d(t + 1) = A2 d(t)
Za(t + 1) = (Ag + 2D)Z4(2)

Za(t+1) = (A2/2+ I)Z4(2)

Not enough information to determine

Question 7 171 pts

Suppose the following linear dynamical system is controllable:
d—tw = AZ + b1u

Which additional conditions are necessary for the following system to be
controllable?

aw—Aw—l—Bu

where B = [p; b, |-

The system %;};’ = AZ + byu must also be controllable.

The system cannot be controllable under any conditions.
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None, the system is already controllable.

The controllability matrix of the system can be written as

C=[B AB ... A®1B] wherenisthe number of

state variables.

We can rewrite the controllability matrix as

C= [31 32 Azl A.gz cee A.n_lgl An_lzz ] :

Because the first system is already controllable, we know that the
matrix [51 ABI . An—li,'l ] has rank 12, so C must have

rank 1y as well.

Aand B have orthogonal columns.

Zland 32 must be orthogonal.

Question 8 1/1 pts

Suppose we have a linear dynamical system %i’(t) = AZ(t) + Bu(t)
where Z(t) € R" and u(t) € R™.
Which of the following are necessarily true:

I. 2 = Qis an equilibrium point for 4 = 0.

Il. For any given input 7, there must exist a unique equilibrium point

—%
lll. Suppose (Z*,4")is an equilibrium point, Z(0) = Z*, and
u(t) = 4" forallt > 0. Then Z(t)is constant for ¢ > 0.

IV. If A is invertible, there exists an input for which there are no
equilibrium points.

V. If £]and Zare equilibrium points for 3 = 0, Z; + Z3is also an
equilibrium point.
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[ only.

I, 1, v
1,1,V
L0V

[ 1L 1 1V, V

[, lll, and V are correct.
Note that:

| If we plug in Z(¢) = 0 and () = 0 to the right hand side of the
system equation, we see that %EE(t) = 0, showing that it is an

equilibrium point.

[I. Note that the equilibrium point isn't necessarily unique. We are
seeking solutions for A7 = — Bu. If A is non-singular, there only
exist solutions if Bu € Range(A). There can also be several
solutions of the form &, + Zp,, where Z;, € null(A).

lll. This is true. If we start at an equilibrium point, %55(t) = 0 for

all t > 0, so Z(¢)will be a constant.

IV. This is false. If A is invertible, = — A~1 By will be an
equilibrium point.

Question 9 1/1 pts

Consider the discrete time system
F(k+ 1) = AZ(k) + bu(k)

with Z(-) € R?, 4 € R3*3, and § ¢ R3.
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Suppose that the system is controllable from the origin Z(0) = 0 in 10
steps. That is, one can design a control sequence
{u(0),u(1),...,u(9)} toreach any target state z* = Z(10) in 10
steps. Which of the following is true?

For any target state 7*, one can find an initial condition 2(0)and a two
step input sequence {u(0), u(1)} to reach z*.

None of the other answers is correct.

Any state 22* can be also be reached with a shorter input sequence

{u(0),u(1)} in two steps.
The state z* cannot be reached from the origin in 9 steps with any

possible sequence {u(0), u(1),...,u(8)}.

The input sequence {u(0), u(1), ..., u(9)} toreach z* is unique.
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Suppose we want

#(2) = 7" = AZ(1) + bu(1)
= A(AZ(0) + bu(0)) + bu(1)
= A2Z(0) + Abu(0) + bu(1)
= A% + Abu(0) + bu(1)

In the last line, we choose Z(0) = ab for some scalar a.

We can rewrite this as

a

2 =[4% Ab b] |u(0)

u(1)
Since the system is controllable, [Azi; AZ B] has rank 3, and
since we can choose a, u(0),u(1), and state z*can be reached.

How many non-zero singular values does the following matrix A have?

11 2
2 2 4
A=13 3 6
4 4 8
5 1 2]
1
5
2

https://bcourses.berkeley.edu/courses/1491216/quizzes/2305597 ?preview=1

1/1 pts

11/29



4/15/2020 Midterm 2: Designing Information Devices and Systems Il (Spring 2020)

This is a rank 2 matrix. Because the third column is linearly
dependent on the second column. So, the number of non-zero
singular values will be 2.

Question 11 1/1 pts

Suppose we have the relation § = Dp + €, as seen from lecture. In
order to determine ﬁ the least squares estimate, which of the following

assumptions were made?

D is diagonal.

DT D isinvertible.

e is orthogonal to 4.

None of the others assumptions.

PDTisinvertible.

Question 12 1/1 pts

Consider the scalar system z(t + 1) = bu(t) + e(t), where, b is the only
unknown parameter and e(t) is a disturbance term. Suppose, we apply
the input, 4(0) = u(1) = u(2) = u(3) = land observe the resulting
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state trajectory to obtain a least-squares estimate §, for . Which of the
following state trajectories would result in the estimate § = 1?

z(1) = 1.1,2(2) = 0.9,2(3) = 1.2,z(4) = 1
z(1) = 0.1,z(2) = 0.9, 2(3) = 1.7, z(4) = 1.2
2(1) = 0.1,2(2) = 1.9, 2(3) = 1, z(4) = 0.9
z(1) = 1.2,2(2) = 0.9,z(3) = 0.6,z(4) = 1.0

z(1) = 0.1,z(2) = 1.1, z(3) = 1.9, z(4) = 0.9
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According to the general answer comment,
z(1) + x(2) + x(3) + z(4) = 4, which is true in this case.

o) [u0)]  [e(0)]
22| |u@]|, | |ew
23|~ |u@ |°T |e@
c@)] lu®] L.

So,

y = Db + €, where,

z(1)] [4(0) ] (17 e(0) ]
L | =(2) _ u(1) _ |1 o e(1)
V=120 P |ue) 1[7°7 e
| z(4) | [w(3)] L1] Le(3)
The least-squares estimate of p is,
b= (DTD)'DTy =
(1] [2(1) ]
1]._4 z(2)
(111 1] [1111]:;:(3)
| 1] | z(4) |
[z(1) ]
P 1 z(2)
b=3[1 1 1 1] 2(3)
| z(4)
= %(m(l) + 2(2) + z(3) + z(4))
Question 13 1/1 pts

Which of the following are true about the Singular Value Decomposition
(SVD)?
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1. If a square matrix ) is orthonormal (QQT = I), then its singular

values are all 1.
2. A matrix with rank r will have exactly r singular values greater than 0.
3. Every real matrix has an SVD.

1 only.

2 and 3 only.

1 and 2 only.

1,2, and 3.

1 and 3 only.

Question 14

Consider a linear system,

dt

and 4(t) € R™.

1/1 pts

4 2(¢) = A(t) + Bu(t), where #(f) € R

Which of the the following conditions can, on its own, determine whether
the system is controllable or not?

m<n

o

m = n and B is invertible

IV. AB=0andm < n
V |rank(A4) =n
I, lll, and IV only
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L 1, 11, 1V, and V

[, I, and V only

[, I, lll, and IV only

[l and Il only

Question 15

Consider the discrete time dynamical system

y(k+ 1) = byu(k) + byu(k — 1) + e(k),

where e(k) accounts for additive noise, and we get to measure the y(-)
and the u() data sequences exactly. We set up an estimation scheme to
estimate the unknown real parameters b;, and by :

[ u(l)  u(0)
w(2)  u(1)

steps, i.e. samples of y() needed to uniquely estimate the parameters

b1 and b2 ?

Cannot be uniquely estimated, no matter how many samples

https://bcourses.berkeley.edu/courses/1491216/quizzes/2305597 ?preview=1

u(N) (N -1).

|

by
ba

]:

(N +1)

Suppose that u(k) = Mk . For this input, what is the minimum number of

y(2)
y(3)
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[ u(1) u(0)

u(2)  u(l)
With the provided input, the first column of . .

| u(N) u(N-—1)]
is )\ times the second column.

Those two columns are thus linearly dependent, and a least
squares estimate cannot be calculated.

Question 16 1/1 pts

Consider the following dynamical system:

a [wl(t)] B [wl(t)wz(t) +U(t)w%(t)]

dt | zo(t) | cos(7z1(t))

For u(t) = 1, consider the following equilibrium point Z* = [ 1 ]

Let Z(t) = #(¢) — &* and 4(t) = u(t) — 1. We wish to write a system

£ 3(t) = AZ(t) + Bi(t)

Which of the following is a correct linearization:

0 wl(t)],B: [mgo(t)]

_—gsin(gwl ) o0
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B [ 22(t) + 2u(t)zy (t) 1 (2) EHO)
A= ] — Z2sin(Zz1(t)) 0 ]’B_[ 0 ]
=
4= 02]’32[1 ")

1 1 1].
A= x , B = is correct.
[—5 0] [0]

The respective Jacobians are

A [wz () + 2u(t)z1(t) 1 (t)] B [m% (t)]

— Zsin(Zx1(t)) 0 0

and they need to be evaluated at the equilibrium points.

Question 17 1/1 pts

Which of the following is a valid SVD for4A = [(1) 01] ?
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’l_il - |:1j| ) 1_,;,2 - |:_11:| ) 81 = |:_11:| ) '32 = [:1] , 01 =05, 09 =0.5

L L L L
‘l—ilzl\? aa2=l\/2; aalzl\/z; a62=l\i§]101=1a02=1
VE V2 R V2

1 1 1 1
r_|v2 vz [[10]]v vz
UXVi=11 1 !0 1] 1 L
V2 V2 V2 V2
1L L 1 _L
v v ||V v
N I S 1 L
| V2 V2 V2o V2
_J1 0]
o0 -1

1/1 pts

Question 18

Consider the circuit below, where w(t) is the input and 41 (t)and 45 (t) are

the state variables:

https://bcourses.berkeley.edu/courses/1491216/quizzes/2305597 ?preview=1
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i )

O

Suppose, Ry = 1m(, L1 =1 mH, Ly = 2 mH. For which value of Ry
is this system uncontrollable?

Ry = 1 m(}
Ry =02
Ry = 2 m(}

None. It is controllable for all values of Ry.

R2 = 0.5 m
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R Ry
Here, . = I,

As,R1=1mQ, Ly=1mH,and L, =2 mH. So, R, =1 m().

. . di; . di
Using KVL, u = Rj4; +L1d_: = Rsis -I-Lgd—: .
It follows,

diy Ry . 1
i lel + Llu,and
d7,2 _ Ry . 1
dt I, 2t
So,
R
dz _L_i 0 1. 1
e S H’[L_lL_z]u
L,
R
- i
So, A = and B =
0 1 L
Ly L

1 _ &

c L, L2
lr _R
L, L2

For matrix C to have rank <2, we need, ratio of the matrix

elements in each column equal.

Ri Ry
So, I, = I,

Question 19
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1/1 pts
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Let A be an m X n real matrix with SVD in standard outer product form
A= O1U1V; + O2U2Vy + o3ugvg WIth 01 =~ 02 =~ 03 .

Which of the following is NOT true:

ATA 62 = 0'%62

n>3
rank(AT) =3
%19, =1

1 0 0
(41 Ty W) [ty s us]= [0 1 0
0 0 1
Question 20 1/1 pts

Consider the system:

2 — (bt

W) _ (ealt) — it

where, m(t) and y(t) are non-negative state variables and a, b, ¢, and d
are positive constants. Professor Arcak linearized this model around one
of its equilibrium points (he won'’t tell you which) and found that the

resulting matrix 4 has complex eigenvalues. What are these
eigenvalues?
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>\1,2 = :|:j\/ ad
A2 = —bd/c + jac/b
A12 = a £ jdy/b/c

)\12 =—d:|:ja

)\1,2 = —d:I:ja\/c/b

For equilibrium,

% = (a — by*)z* = 0 and
% =(cz—d*)y* =0

So, the two equilibrium conditions are,
¥ =0,y* =0andz* = %,y* = %

The Jacobian matrix for linearization corresponding to the
equilibrium, z* = 0,y* = 0'is,

[a 0 ].So,
0 —-d

A=a,—d.

Similarly, for z* = %,y* = % Jacobian,
bd
C

ac
b 0

A\ = +jvad

J =

] . Solving the characteristic equation,
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Question 21 1/1 pts

A linear dynamical system is given below:

%§=A£+Bﬁ

The input 3 is a constant. What property of the matrix Ais required so
that the system has exactly two distinct equilibrium points?

Always possible

Not possible

The following equation must be satisfied if 2*is an equilibrium
point:

0=AZ"+Biu
A7 = —Bu

Solving for g*is solving a linear system, which cannot have exactly
two distinct solutions.

B is in the column space of A
The system is controllable

A is not invertible

Question 22 1/1 pts

An invertible n X m matrix A has n distinct non-zero singular values. How
many singular value decompositions 4 = JX V' ! does A have?

2n—1

https://bcourses.berkeley.edu/courses/1491216/quizzes/2305597 ?preview=1
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2n

Not enough information to determine

Question 23 1/1 pts

Which of the following could be a non-zero singular value for matrix B

below?
1 51 1 2
B=12 7 2 9 4
3 3 3 4 6
1.01+2.14;
-1.05
1.01-2.14j
-100
4.04

The question is asking for non-zero singular value. We know for an
SVD for a real matrix the singular value cannot be complex or
negative. So, the only answer we are left with is the positive real
number.
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Question 24 1/1 pts

A discrete-time system is modeled by the following equation:

z(t+1) = az (t) + bu (t) + e(t), where e(t) is the system
disturbance. The inputs and outputs at different time steps are :
z(0)=1z(1)=2,2(2)=1,2(3)=-2,u(0) =1, u(1l) =0,u(2) =1.
What are the least-squares estimates of the parameters a and p?

a=%andb=]_
_1 - _1
a =j5adb = —3
1
a:lande—E

a =1andb= 1

a,:landb:—l
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DD — [1 2 1]

1 01

N

(D7D) 1 = 1 [2 -2] _

124

So,

1
p = (D"D)' DTy = l !

=

Using the given conditions,

2 =a+b
1=2a
—2=a+b

L e

b
-1

Which can be represented as,

y = Dp + €, where,

—_

1 1
ﬂ: 1 7D: 2 0],p=
1 1

The least-square estimate for p,

p = (DT D) DTy

Question 25

Consider the continuous-time system

https://bcourses.berkeley.edu/courses/1491216/quizzes/2305597 ?preview=1
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e(1) |-
e(2)

1/1 pts
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4/15/2020
dwl (t)
= t
g ol
dwz (t)
= u(t
=)

where u (¢) is the input. Professor Sanders discretized this model with a
sampling period T' and obtained,

zo(k+1) = [(1) i] zo (k) + loﬂ wa (k).

What is the sampling period, T' Professor Sanders used?
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We found,
[Zgig] - [(1) 111] [28] + TTz u(t), which is true
if 7= 1.

Calculating the change in x4 and x, in T,

2ot +T) — 2o (t) = [ u(r)dr = Tu(t)
21t +T) —21(t) = [ za(r)dr

= [FT [2a(t) + (7 — t)u(t)] dr

= [ aa(t)dr + [T (7 — t)u(t)dr

= Tay(t) + Zu(t)

So,

21 (t +T) = 1(2) + T2 () + Z-u(t)

2o (t + T) = z2(t) + Tu(t)

In matrix form,

2t+T)] [0 1] |z@)] ™ Ti u(®)
[ml(t—i—T)] [1 T] [ml(t)]

Quiz Score: 25 out of 25
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