SPRING 2020 MATH 54 MIDTERM 2 SOLUTIONS

Q1 True False.

(a) True. Take A with rows equal to any basis of W+,

(b) True. Take A to be the matrix of the orthogonal projection onto .

(c) False. Check that the matrices [8 (1)] , [(1) 8] € H but their sum is not.

(d) True. Each of S, T, S~ is invertible and a composition of invertible transforma-
tions is invertible, so onto.

(e) False. Consider the identity.

(f) False. If u € R? is any nonzero vector, u’u # 0 is invertible, but uu’ is rank
one, so not invertible.

(g) True. If A= PBP~! then x € Nul(4) < P~'z € Nul(B), so they have the
same nullity, and by rank nullity the same rank.

(h) False. Every nonzero 1 x n matrix A is row equivalent to el but not every
vector in R™ has the same distance from e; and Row(A).

(i) True. 2 € Row(A)*, but since Row(A) = R? we must have z = 0.

(j) False. The question is asking whether (P~'z)T(P~ly) = 27(P~ )T P 'y = 2Ty
for every x,y. This is false unless (P~1)TP~! = I, of which there are many
examples.

Q3 Examples

(a) Any 2 x 2 matrix with rank one will do, since by rank nullity it also has nullity 1,
and any two vector spaces of the same dimension are isomorphic. For example
ol

0 0|

(b) Does not exist. If A = PDP~! then A> = PDP7'PDP~! = PD?P~! is also
diagonalizable.

(¢) For any basis B it is true that [b1]p = e; since we have the unique linear com-
bination b; = 1b; 4+ 0by. Thus, the desired basis has by = e;. Taking b; to be
any unit vector orthogonal to this (i.e., +ey) yields two possible bases with this
property.

(d) Does not exist. Since W # R3 the kernel of projy is equal to W+, which is
nontrivial. Thus projy, cannot be one to one.
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