MATH 54 FIRST MIDTERM EXAM, PROF. SRIVASTAVA
FEBRUARY 20, 2020, 5:10pM—6:30PM, 150 WHEELER.

Name:

SID:

INSTRUCTIONS: Write all answers in the provided space. This exam includes two pages
of scratch paper, which must be submitted but will not be graded. Do not under any
circumstances unstaple the exam. Write your name and SID on every page. Show your work
— numerical answers without justification will be considered suspicious.

Calculators, phones, cheat sheets, textbooks, and your own scratch paper are not allowed.

UC BERKELEY HONOR CODE: As a member of the UC Berkeley community, I act with
honesty, integrity, and respect for others.

Sign here:

Question | Points

1 20

2 20

3 13

4 6

5 13

6 13

7 15
Total: 100

Do not turn over this page until your instructor tells you to do so.
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1. (20 points) Circle always true (T) or sometimes false (F) for each of the following. There
is no need to provide an explanation. Two points each.

(a) If a linear system has strictly more equations than variables it must be inconsistent.

Solution: False. Consider any homogeneous system Az = 0, or a system whose
equations are scalar multiples of one equation.

T F

(b) If Ais an m x n matrix such that Ax = 0 has only the trivial solution, then Ax = b
has at most one solution for every b € R™. T F

Solution: True. The solution set of Ax = b is equal to any particular solution
translated by the solution set of Az = 0. Algebraically, if Ax; =band Axy =0
then A(x; — x9) = 0, so we must have x; = 5.

(¢) If R is the RREF of A and the columns of R are linearly dependent, then the
columns of A must be linearly dependent. T F

Solution: True. Row operations preserve the solution set of Axr = 0, so
Nul(A) = Nul(R), and if the latter is nontrivial then so is the former.

(d) If v,w,a, b € R?* are vectors such that v € span{w,a} and w € span{a, b} then it
must be the case that v € span{a, b}. T F

Solution: True. We know v = ¢;w + ca and w = cza + ¢4b so v = ¢y(cza +

c4b) + coa.
(e) If vy, vy, vz € R? are vectors such that span{vy,ve} = span{vy,vy,v3} then
V1, Vs, vz must be linearly dependent. T F

Solution: True. The hypothesis implies in particular that vs € span{vy, va},
yielding a nontrivial linear combination of vy, vy, vs equal to zero after rear-
ranging all the vectors on one side.

(f) If Ais an n x n matrix with Nul(A) = {0}, then det(A) # 0. T F

Solution: True. If Nul(4) = {0} then the columns of A are linearly indepen-
dent, which means there is a pivot in every column, which means A is invertible
so det(A) # 0. You could also reason using any of the other equivalences in the
“invertible matrix theorem” in the book.
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(g) If span{vy,..., vy} = R™ and the linear transformation 7' : R" — R™ is one to one,
then span{7T’(vy),...,T(vy)} = R™ T F

Solution: False. Consider v; = e;, which spans R!, and the transformation

T:R'— R*by T([1]) = H

(h) If vyi,..., vk € R™ are linearly independent and 7" : R" — R™ is one to one, then
T(vy),...,T(vg) must be linearly independent. T F
Solution: True. Suppose ¢y, ..., ¢ are coeffs satisfying ¢; T'(vy)+. . .+cx T (vi) =
0. By linearity this means T'(¢;vi+...4+¢,vg) = 0. But since T is one to one, we
must have ¢; vy 4. ..+ ¢, vy = 0, which since vy, ..., vy are linearly independent
implies ¢; = ... = ¢, = 0.
(i) The set {x € R?: z; — xy = x3} is a subspace of R3. T F

Solution: True. This is the nullspace of the 3 x 1 matrix [1 -1 —1}.

(j) If C and A are square matrices such that CA = I, then AC' = I. T F

Solution: True. If CA = I, then CAC = C and both C' and A must be
invertible. Multiplying both sides on the left by C~! yields AC = I.
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2. Give an example of each of the following, explaining why it has the required property,
or explain why no such example exists.

1 —2
(a) (4 points) A basis of R? containing both of the vectors | —1| and | 2
0 0

Solution: No such basis exists, because the given vectors are linearly depen-
dent, so any set containing them must be linearly dependent, which violates one
of the conditions of being a basis.

(b) (4 points) A vector x € R? whose coordinate vector relative to the basis B =
1 2|1 . 1
ol | 3 is [x]g = 5|

Solution: Such a vector is given by {1 _2} {1} = [_9].

5 24

(c) (4 points) A 2 x 3 matrix A with Col(A) = R? and Nul(A4) = R?.

Solution: Such a matrix does not exist by the rank nullity theorem: we must
have dim(Col(A)) + dim(Nul(A)) = 3, which is violated above.
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1
(d) (4 points) A 2 x 3 matrix with Nul(A) = span ¢ |0
1

Solution: We can reverse engineer such a matrix by remembering that Nul(A)

is the solution set of Az = 0, which is parameterized by free variables. The given
Z3

subspace is { | 0 | : 3 € R}, so if we find a linear system with free variable x3
€3

and pivot variables z1, x5 satisfying

ZL’Q:O 1'1—1‘3:0,

we are done. Such a system is given by the coefficient matrix

01 0
A‘L 0 —1}'

D =N
NeoRe) V]

1
(e) (4 points) A 3 x 3 matrix A whose inverse is equal to |2
3

Solution: Such a matrix does not exist, because the given matrix is not invert-
ible (the first and second columns are scalar multiples of each other), and the
inverse of an invertible matrix is always invertible.
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(a) {5 points) Compute the determinant of A and explain why A is invertible.

detA - | 2] _ o | o 2
l 35+\3%

= e+ 32+ - = 2+aﬁ®=@

A s mvertible (tF del A Z0. Cwce dedh = 4, A wwvevhble | oy

(b) (5 points) Compute A1

L S Y TR« B v lloo I T
\ ) V.o
°© 2 | o | =2l o g4y o3 ol==|° 1 leoy
\ I
\ \ -1
32 3 (o o | o | & 3o | @ ¥z, a7V
|l 0 Y.'4 Y2 o | o o'z -5 | 7 - |
—_— .
o | © 2 @ ! sy |l o -2 & -\ 3 ¢
O o ‘/2 3 _yl ! | ~
a |\ ( ;:o -1 ‘LJ G, =11 2
1
c) (3 points) Use vour answer to (b) to solve Az = |2
9
| 2 -5 | 2-10+9 :
T= a2l e || 2] lam-q | A}
1 @ 4 2)L1 ©-N 18 2
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4. (6 points) State precisely the definition of a one to one linear transformation 7' : R" —

A Vreos dansbomahon T RN =E
T(‘ﬂ“ 19 ‘/\w& q}~ MosL one So\J'w( Cara;a,l_gc-lé".
(OR |G~ )(‘4-,)( mglies T (XD # TCx ))
—_— 5 (

13 points) Con81der the following subspaces of R?:

ool (B}

Find a nonzero vector v € R3 which belongs to both subspaces, i.e., v € H, N Hs.

LF y_ e Hlf\HL ’I\'@J\ MGFE C[)Cz)c3)cl1 no}-aj/

2z
Svda*b\a}xr_ Cl[ %]—rcz.[i] = C3[I?]*%]

C e G Gy

?& \AQ :
s [?}?b gﬁ]/\,

TLoot:6] s Shsef [ 7ot
e O‘Oﬂl;o]"/> . [_2‘; (G el
© 0|
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6. (13 points) Suppose 7 : R* — R” is a linear transformation such that

({)-F)

Find 7'(eq), where e is the second standard basis vector. For which values of 5 is T
T(e\ r ‘(“::.) = T(éa\) + T( éﬂz) ( L\-U’C\\Ahj\
T (e = [ \
) - T HAERI(E
_ s1. [ e ) B
[ 1 S‘k " 2

TG) - [O 5];
S 2

7T (89 OW‘O l( H \9 € ﬁl T(K_,) = \;- Ljuf, 6\“ leagt l(o}w_ FC}V *L'&‘S "0
be bwe thy std. vnatnX of T (call twis A) waust hiave

o ()\VO\‘ - i\ QVQ,,L-UL& Vol . iﬁ;;c_, = *vUQ as ‘0\43 ag
posinth

V£ Q.
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7. Let Tl : R?

— R3 be the linear transformation given by:

[2,] T1
Ti ('T‘ ) I — I3
| Lo

- Iy + Ty

and let 75 : R? — R? be the geometric linear transformation which reflects a vector
r € R? across the line 7, = —x5.

(a)

(]

(5 points) Show that T, is invertible, and describe the inverse transformation 75
™ ™2

Ve (_5.) - {T Tl(é‘l) = [_:1 <o Standavd watnx of T, s

=
A = [_oi 0] det(A) = 1, <o Az\S myvevhible awd Hioue Fove

T, i myevhble,

— -7 - —_—
he 1VerLsSE hmhgl:gywq‘\loh Iz 1< |G(€,\Ah(0\\ +° TZ . ]24 will alco
vefled a veckoy xe &' acuess M {7 X, = —Xz2 and have

<td. mabvix AZ

(b) (5 points) Find the standard matrix of the composition T =T, o T, : R*

l o ) o L
Tl([ ;-]\ ) ‘ T‘([?]) - -1 fo T‘(i)z '| -; X
: l
< A
B |\ © o J ! o H
A I R | PP =/ (v A
T | w‘ 4 _‘
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r+7
|

(c) (5 points) Is there a vector x € R? such that T(z) = |0|? If so. find it. if not.
UJ

explain why. AX - [,,]

Twmg & o vedhor X e B b Vot T(R) =/

Q
)

by X !
T A LD(CWKQ Ax - [2} l/lowg o Splutigwg
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