
Math 121A Midterm 2 Nov 7, 2019

Name:

• You have 80 minutes to complete the exam.

• This is a closed-book exam. No notes, books, calculators, computers, or electronic

aids are allowed.

• Please write neatly. Answers which are illegible for the reader cannot be given credit.

• The Laplace Transform table is provided in a separated sheet of paper.

Good Luck!

Question Points Score

1 20

2 10

3 10

4 10

5 10

6 10

7 10

8 10

9 10

Total 100

 

solution



1. (20 points) Use contour integral to compute the following integral.

(1) (5 pts) Z 2⇡

0

(1 + cos ✓ + i sin ✓)2d✓

(2) (3 pts) Z +1

�1

1

(x+ i)(x+ 2i)
dx

(3) (7 pts) Z +1

�1

cos x

(x+ i)(x+ 2i)
dx

(4) (5 pts)

P.V.

Z +1

�1

1

(x+ 1)(x+ 2)
dx

So Cite O do CHET IF
2 Resza HII 21T

we complete the contour casinguppersemicircle

it encloses no pole Hence the integral O

If tlei te Id
Nti extzi dx

I IF dx cE ziTdx 0
Iz IF ax ax Hail t I

2Tli I Res x D I Resent27

2 I t

O



Remark i most common mistake about 3 is say
to it

integral Re f p DZ
Eti Zizi

However the original integral is

ffRek dz
2 ti 2 tri

Because Eti Zizi is not a real number

EEI.IEa releEii i.t



2. (10 points) Write down the general solutions for the following equations

(1) (5pts)

y0 + 3y = �1

(2) (5pts)

y0 + (x� 1)y = 0

di Y particular solar
P
Yc c e 3x

Y Yp yo I c e
3

Y e fix 17
dx

Ce
x



3. (10 points) Write down the general solutions to the following equations

(1) (3 pts) y00 + 4y0 + 4y = 0

(2) (7 pts) y00 + 4y = ex

0241214 y O

CD1232 y D

Y Ca e ca x e

First we ness a particular solution

if a ex
P

plug it in we have

a Ext 4 a ex e

5A L
a

Then we solve for Yc
y 14L O
644 y o

Dti D Zi Y 0
Yo c e2i Cz e 2iX

Thus y f eX c ezix a e
six



4. (10 points) Answer the following questions about � functions

(1) (2pts)
R1
�1 �(x) cosxdx =?

(2) (2pts)
R1
�1[�(x) + �(2x� 2)] sin xdx =?

(3) (2pts)
R1
�1 �0(x+ 1)e2xdx =?

(4) (4 pts) Solve for y(x) that satisfies the following condition

(
y0 = 2�(x� 1)

y(0) = �1

Draw the graph of y(x).

Cosio

sinco Iz Sina
IzSina

Ce l i
z

2e

YlD c 12 x D
use yw I we get c I

Thus y I exD
ya

hx



5. (10 points)Laplace transformation. You can either use the Laplace transformation

table, or the following integral to find the Laplace transformation.

F (p) =

Z 1

0

f(t)e�ptdt.

(1) (2pts) f(t) = 1 + t

(2) (2pts) f(t) = et

(3) (2pts) f(t) = sin(2t)

(4) (4pts) f(t) =
R t

0 sin(t� ⌧)⌧d⌧ (Hint: use the convolution for Laplace transform)

Fcp 2

Fcp
1

p 1

Fcp 2102422

fct is the convolution of sint
and t
Sint 1 i fit 2

p
p't l

t



6. (10 points) Find the inverse Laplace transform of the following function. You can

either use the Laplace transformation table, or use the inverse Laplace transform

integral

f(t) =
1

2⇡i

Z s+i1

s�i1
eptF (p)dp,

where s is a su�ciently large real number.

(1) (3pts)

F (p) =
1

p2 + 1

(2) (4pts) (Hint: try partial fraction)

F (p) =
1

(p+ 1)(p+ 2)(p+ 3)

(3) (3pts) Hint: write the numerator as p = (p+ 2)� 2

F (p) =
p

(p+ 2)4

One can use the table 43 to get
fCt sink

Oh use integral to get Res GIF
itit ee sinctZi Zi

Use partialfraction we get
Fcp PIT t pet t 321

Thus
fCt Iz e t e

at Iz e
3T

Fcp PIETTE zys 274

LI fits Ee at te Zt



7. (10 points) Use Laplace transform to solve the di↵erential equation

(
y00 + y = e�3t

y(0) = 0, y0(0) = 1

You may use that

L.T.(y) = Y (p), L.T.(y00) = p2Y (p)� py(0)� y0(0)

By Laplace transform we have

hit e 3T Is
p13

Then we have

LTly LT g LTC e 3T

p2Yep I 1 Yep 3

i Itp Yep It pits

Tcp p Cp cpt3J

put 1
Pti Cp i Cpt3

Use partial fraction we get
1 iPti Cp i CP13

i
P 3 C3 i

Hence

fits sin t t e
it eit E

est fo



8. (10 points) Solve the following equation with a > 0 and x > 0.
1

(
y00(x) + y0(x) = �(x� a)

y(0) = 0, y0(0) = 0

1The solution is the Green function G(x; a) for this problem.

We may using matching coeff
method

if o is the solutionFor X a

For x a the general solution to

g y o DCDtDy O

is Lex Cst Cz ec

At X a we need to have

Y Ca Y Ca

and y a y ca I

0 C t ca e a
Henie

c e
a L

i Cz ed
c l

nicaOi y p e ex al x a



8 Alternatively we may use Laplace transform

php Kp LC six as

Tcp p
sex as

The inverse Laplace transform of p p is

p pp pt I e

Let Fcp p Gcp L SC x a

and fix I e X
gcx six a

be the original function then

Yan fig f f ex gets de

fox fix t SCT a de

I e
n a

as

0 a x



9. (10 points) The Green function G(x; x0) for the following problem

(
d2

dx2G(x; x0) = �(x� x0), 0 < x, x0 < 1

G(0; x0) = G(1; x0) = 0

is given by

G(x; x0) =

(
x(x0 � 1) if x  x0

x0(x� 1) if x0 < x.

We are going to use the given Green function to solve the following equation

(
y00(x) = f(x), 0 < x < 1

y(0) = y(1) = 0

(1) (2 pts) Write down the general formula that expresses y(x) using an integral

involving G and f .

(2) (3 pts) Use Green function to solve for y when f(x) = 3�(x� 0.3).

YCx fol Gox xo foxo dxo

Ycx 3 GCX 0.3

3 X C 0.7 7 0.3

310.31 1 X 70.3



(3) (5pts) Use Green function to solve for y when f(x) = x.

Y Jo Gex'sxD fixos DX

J Gex xo fexo dXo

J Gox xD fix dXo

J Xo X D Xo DX

f Xoxo 1 Xo dXo

ex D Exel x I I
x D I.x3 x T E

4x4 f x't Ix t

f X f X
Check i Yoo yen O

Y cx X


