MATH 54 MIDTERM 1 - October 3 2019 5:10-6:30pm

Your Name

SOLUTIONS

Student ID

Please exchange student IDs to record the

names of your
two closest

seat neighbors

Do not turn this page until you are instructed to do so.

Show all your work in this exam booklet. There are blank pages for scratch work, but
please do not remove any pages! If you want something on an extra page to be graded,
label it by the problem number and write “XTRA” on the page of the actual problem.
In the event of an emergency or fire alarm leave vour exam on your seat and meet with your
G581 or professor outside.

This exam consists of 4 problems, each of which has parts (a) and (b), in the general topic areas 1)
Systems of Linear Equations, 2) Abstract Linear Algebra, 3) Linear Algebra in [R", 4) Matrix Algebra.

Point values are indicated in brackets to the left of each problem, add up to a total of 80, and so can be
used as guide for managing the 80 minute exam time.

Each part of (a) yields full or no credit, and you don’t need to show work. To ensure credit please put
each answer (and only the final answer) into the given box.

Parts (b) can yield partial credit, in particular for explanations and documentation of your approach,
even when you don’t complete a calculation. In particular, if you recognize your result to be wrong
(e.g. by checking!), stating this will yield partial credit. On the other hand, wrong or irrelevant state-
ments mixed with correct work may result in reduced credit.

When asked to explain/show/prove, you should make clear and unambiguous statements that would
be accessible to another student. In particular, use words or arrows Lo indicate how formulas relate to
each other. You may use any theorems or facts stated in the lecture notes, script, and the book sections
covered by the course up to Sept.30 — after stating them clearly. If you use theorems or facts that you
know from other sources, you will obtain full credit only if yvou include proofs that derive them from
the current course material.



If you want something on this page to be graded, label it by the problem number and write “XTRA"
on the page of the actual problem.



If you want something on this page to be graded, label it by the problem number and write “XTRA"
on the page of the actual problem.



1a)
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[10] 1b) Given any 2 x 3 augmented matrix in reduced echelon form, state conditions which guarantee that
the corresponding system of 2 linear equations for 2 variables has infinitely many solutions.

Then make a list of all 2 x 3 augmented matrices with infinitely many solutions, using the entries 1, 0,
or « (to denote entries that can be any real number).

Existence of sofution(s) & no pivot in Last cobuwnn

Given extstonce,
infini bby many sdutions &> free vowto.ble(s)
& ok least ore coe fFicient
column without pivot

Togethe, have 2cxfiiciont, |goal coumn , ot most ore

P(}vm‘;— cn coc®icient clumm.

[5213] o [0413] o [2318]



2a)

[3] The range of a linear transformation 7" : 1 — W is the subspace consisting of

W< .Wfor which . theve isa ve V So ‘w T(V)= w

[3] Three vectors vy, vs, v3 € V are linearly independent if

ey + eavz + cavy =0 O‘ZY 'FOV' C| = CZ =C3 = O

[4] IfT:P, — P, is a linear tranformation with T(1 + %) = 2t and T(1 — #*) = 6, then

e - €-3 £ = (1Y) -2 (1-t%)

2T =3TUH)-3 T
2t é6



[10]  2b) Determine the kernel of the linear tranformation T : P, — RR* and explain why your computation
is true, using only definitions and the following information (no theorems etc.):

« The equation T(p) — { 3} has solution set {p(1) — ao + 5t + azt? | ag, ay € R).
kernel(T) = §a,°+az-b1 | ao0.e IR?;
because @,=a.=0 gives [(5t)= [:25]
and with that
T(q)=0 & Ti+Tist)=[3]

& Tlq+ 5¢)= [3]

= q+St € sobution set

) ql-l:)-rs-t = Qpt St Qz'tz for some
Qo,02€IR

&) q(t) = a°+a.9_1‘:z

~—

This proves Loth directions at one. Alternatively, You coull made
Sepowrake ofrgumt‘a for

o qlt)=a,+a,tt = T(g)=0
« Tg)=0 = glt) = aora.t® for sone Qo 2z € R




[3]  3a) The linear transformation

To conpute ]
.\'-éamo/ud matrix: 3

" & 2
. [ T Ify } is represented by the matrix l
! o &

0 1 2
[4] The vectors | 3 ] ; |i 0 ] , [ -3 ] are ... [check all that apply] ... I:l spanning R?
4 2 0
- |:| a basis of B*
O1 2 [ | 0 -I { O -l 8 linearly dependent
3 0 —3 ~lot 2|~1]101 2 I:l linearly independent
Ll_z o) _O y R 00O C—I’UWO-FQ
T
Hree variabl

[3] Circle each subspace of R?; cross out sets that are not subspaces of R2.
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Do sl wndler {‘L‘nZMg
amol ao{o(CbLOh,
cmd conbarns [g]
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contain [g]

containg

[4] but

not [Z] becawe € ¥ 3.2°



L =20 3
[10]  3b) Find the set of solutions x ¢ R* of the equation [ 2 4 1 ] X = { 1 ] .
o 0 2 10

Then state a general solution principle for inhomogeneous linear equations {no need to prove it) and
explain how your result is an example of this principle.

| -2 0|3 | -2 03 | -2 o] 3

24 )1 |-1]~]O0O O I|5|~]0 0 I|S
o0 2]|lO oo IIls ©0 0 o@

X,=2%, =3

Tle Solution set x5 =5

X, free
3 2
i>_<=(o]+xz IS x.,_elR}
S (o

is of the Form P+/@rw€ with -P=[g]
and sz[ﬂlxzem} is He bornl of )_<'—>[-'2-‘7; ?]5

0 O 2

6&"9422 S'dfuﬁ'm PVihCiP& : Given [:VaWlivewr and bely

{S‘afu‘l':llom of T(x)=b'§ = p + ?Srfu‘tlfons sf T(X)'-'Of
for p any ‘paticula’ solution of Tip)=b.



[5]  4a) Compute or state “not defined” for the products of A = [ (

AB =

i

29]
5 15

BA =

net cefived

[5] det [




L0 1
[10]  4b) Compute the inverse A~" of the matrix A = { 01 0 ] .

03 -2

Then state a definition of “inverse matrix” and explain why it provides a general formula for solutions
x of the equation Ax = b.

01 |]lLoOO lo 1|1 oo 1 00| (-3 '
ol 0lotol~]lo1r o]0 tO|~fO1 OO I (@)
o 3 -2/0 01 00 -2/0 -31 0 0 (]0 3, -

1 -%

-~ _ 2

= A "[O(O

0 i -V

By definition, Ax=b <= x=A'b , o the swluton
set to Ax=b is {x=A"bS.

Allondive definbion: AA'=T  gies x=Ab=
A'A =T gives Ax=b =

I :b
IX
\
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If you want something on this page to be graded, label it by the problem number and write “XTRA"
on the page of the actual problem.
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