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Department of Mechanical Engineering
University of California at Berkeley Professor Oliver M. O’Reilly

Final Examination
Thursday, August 13, 2015
9:30 am to 12:00 pm
3106 Etcheverry Hall

Closed Books and Closed Notes
For Full Credit Answer All Four Questions

Useful Formulae

For all the corotational bases shown in the figures
e, = cos(0)E, +sin(0)E,,
e, = cos(0)E, —sin(d)E,. (1)

The following identity for the angular momentum of a rigid body relative to a point P will also
be useful:
HP:H+(}_(—XP)Xm\_/. (2)

In computing components of moments, the following identity can be useful:

(axb)-E,=(E, xa)-b. (3)

Finally, recall that the work-energy theorem of a rigid body which is subject to a system of K
forces and a pure moment M,, is

K
T=Fi vi+M, w. (4)

i=1

Here, v; is the velocity vector of the point where the force F; is applied.



Question 1
A Suspended Plate
(25 Points)

As shown in Figure 1, a thin uniform rigid plate of mass m, width 2w and breadth 2b is
pinjointed at O. During the motion of the plate, a vertical gravitational force also acts on the
rigid body along with a force supplied by a spring attached to a fixed point A and a point .S on
the plate. The position vectors of the center of mass C' of the rigid body and the points S and
A relative to the point O, and the angular momentum of the rigid body relative to C' have the
representations

X = be, +wey, Xg = 2we,, x4 = 20E,,

Figure 1: A rigid body of mass m is free to rotate about O and is subject to a gravitational and spring forces.

(a) (6 Points) Establish expressions for the angular momentum Hp and kinetic energy 7" of
the rigid body when it is rotating about O.

(b) (6 Points) Draw a free-body diagram of the rigid body when it is rotating about O.
Verify that the extension € of the spring is € = 2w, /2 (1 — cos(f)) — 4.

(c) (8 Points) Show that the following differential equation governs 6 when the body is
rotating about O:

dw?e
€+ fo

4 .
?m( 24 82) 6 = —mg (b7 +w??) — K

777 (6)
For full credit, supply the missing terms.

(d) (5 Points) Starting from the work-energy theorem (4), prove that the total energy E of
the rigid body is conserved. For full credit, supply an expression for the total energy E.



Question 2
Rolling of a Rigid Body (25 Points)

As shown in Figure 2, a circular cylinder of radius R, mass m;, and moment of inertia (relative
to its center of mass C) I, is free to move atop a cart of mass my. A force F(t)E, acts on the
cart. The position vectors of the centers of mass C; and C5 have the representations

X; = (11 +22) Bx + 9By,  Xo = 1K, (7)

where yq is a constant. The point P is the instantaneous point of contact of the cylinder and

the cart.
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Figure 2: A rigid cylinder of mass m and radius R moving on a cart. A force F(t)E, acts on the cart.

x

(a)  With the help of the identity v, = v; + w X (x2 —x3) applied to two points on the
cylinder, show that rolling of the cylinder on the cart implies that

0 =i + RO, (8)
where w = 0E, is the angular velocity of the semicylinder.

(b) Draw free-body diagrams of the cylinder and the cart. Assume that the cylinder is rolling
on the cart.

(c) Assume that the cylinder is rolling. Using balances of linear momentum, show that
Ff + N1 =my (l’l -+ 1’2) Em + mlgEy, (m1 -+ m2) S.L"g + mli’l = F, (9)
where F; and Ny are the respective friction force and normal force on the cylinder.

(d) Show that the equation of motion for the cart can be expressed as

. IZZ
(mg + ”yml) To — F, where v = m (10)
(e) Show that in order for the cylinder to roll on the cart, the force /' must be bounded:
yma
FI| ———— | < psmy, 11
71 (2 ) < g ()

where 4 is the coefficient of static friction between the cart and the cylinder.



Question 3
Shutting the Door of a Car (25 Points)

As shown in Figure 3, a simple model to investigate the dynamics of the door of a car models
the door as a rigid body of mass m and moment of inertia I,, relative to its center of mass C
that is attached by a pin joint at A to a collar. The motion of the collar is prescribed so as to
mimic accelerating and decelerating cars and the behavior of the door is examined.
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Figure 3: A rigid body of mass m that is pinjointed to a collar that moves on a smooth track. Note that the
gravitational force in this system is in the —E, direction.

(a) Starting from the following representation for the position vector of the center of mass C'

relative to A,

X — X4 = gex, where x4 = 24E, (12)

establish expressions for the angular momentum H 4 and kinetic energy T of the rigid body.

(b) Draw a freebody diagram of the rigid body.

(c) Show that the reaction force and reaction moment at A are

Ry = mgE, + misE, + %g (Ge, — b%,), M. = —ng“gey. (13)
(d) Show that the equation of motion for the rigid body is
(I..+7)6 = %@A??. (14)

For full credit supply the missing terms.

(e) Suppose that &4 = a where a is a constant. Show that the following kinematical quantity

1 mé*\ ., ml
3 <Izz + T) 0 + -0 cos(6) (15)

is conserved during the motion of the rigid body.



Question 4
A Vibration Demonstration (25 Points)

As shown in Figure 4, a pair of identical uniform thin rods of mass m and length 2¢ are pin-
jointed at their end points and free to move in a vertical plane. A spring of unstretched length
ly = 40 and stiffness K connects the rods at their other end points.

e, =cos(01)E, +sin(01)E,

€, =cos(02) E; +sin (02) E,

Figure 4: A pair of pendula connected by a linear spring of stiffness K and unstretched length € = 4€. The
pendula are free to move on a smooth vertical plane.

Relative to a fixed origin O, the centers of mass C and C5 of the rods and the fixation points
A and B have the following position vectors:
X1 = —2E, + le,,, ry=—2E,, rp = 2E,, Xy = 2E, + le,,, (16)

where {e,,,e,,, E.} is a basis that corotates with the first rod and {e,,,e,,, E.} is a basis that
corotates with the second rod. The angular momentum of the rods relative to their respective
centers of mass are

mt:

H, = L.OE,, Hy=L.0E.  wherel.= (17)
(a) (5 Points) Show that the kinetic energy 7" of the system has the representation
1 .. 1 5. Ame?
T = JIA6 + 51263, where It = I = ”; . (18)

(b) (5 Points) Draw free-body diagrams of each rod. In your solution give clear expressions
for the spring forces, the extension € of the spring and the potential energy U of the system.

(c) (8 Points) With the help of a pair of balances of angular momenta, show that the equations
of motion for the system have the form

IA0, = —mglsin (6;) +7, 150, = —mglsin (6,) +77 (19)
For full credit, supply the pair of missing terms.
(d) (5 Points) Prove that the total energy E of the system is constant.

(e) (2 Points) Starting from (19), show that if the system is initially at rest with 6; = 6, = 0,
then it will remain at rest.



