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1. BASIS FOR A SET OF VECTORS
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The set of vectors on the right may not be linearly independent; to find a basis we should identify a linearly independent

subset. This is equivalent to finding a basis for the column space of the matrix with these vectors as its columns. We
make the following row reduction:

The specified set of vectors consists precisely of

1 -2 ) 1 -2 ) 1 -2 5
2 5 8|~ |0 9 18 | ~ |0 1 -2
3 1 1 0 7T —14 0 0 0

Since there are pivots in the first two columns, we conclude that a basis for the set of vectors given is

2. RANK IS UNCHANGED BY AUGMENTING WITH AN ELEMENT OF THE COLUMN SPACE

The rank of A is the number of pivots in its REF. Since b = Ax for some x, the matrix [A : b] represents a consistent
system and thus its REF has no pivot in the augmented column. Thus the number of pivots of the REF of A equals that
of [A: b]; in other words, they have the same rank.

3. MATRIX POWER

The characteristic polynomial of this matrix is

XA(t):det[ 4; _;it } =@A-t)(-1-t)+6=t>-3t+2=(t—1)(t—2).

Thus the eigenvalues of A are A = 1,2. The corresponding eigenspaces are

ker(A—Id):ker[g _g}:span{[}}} and ker(A—QId):ker[g _g]zspan{{ﬂ}.

If we form the matrix P whose columns are the eigenvectors, we may diagonalize A = PDP~1:

R ERN P 1 /£ G
[ A

—243.220 3_3.922
Tl 2+t 322

4. LENGTHS AND DISTANCES

The norms of u = (3,4,3) and v = (2, -3, 2) are

lul| = /32 + 42 1 32 = and  [[v]| = VZ+ (-3)2 + 22 =| VIT),

The distance between them is

lu—vll=v3 =22+~ (=3)*+(3-2?2=|V51]
And they are orthogonal sinceu-v=3-2+4-(-3)4+3-2=6—-12+6 =0.
5. ORTHOGONAL BASIS

Since W is spanned by the three linearly independent vectors uj, us, us, it is three-dimensional. Therefore any three
linearly independent vectors in W will form a basis for W. Since vi, vy, vs are nonzero orthogonal vectors, they are
linearly independent, and since there are three of them, they constitute a basis for W.
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