S, Govimjee CE C133/ME CI80 2

1. Consider the problem:

f@)+7f(2)=~2 € (0,b) ()

f0)=c | : ()
fb) =0 (3)

(a) (5pts) ldenﬁfy the essential and the natural boundary conditions.
(b) (5pts) Define the space of trial solutions, S.
{c) (Spts) Define the space of admissible test functions, V.

(d) (10pts) The weak form problem statement can be written as: Find
f € 8 such that a{w, f) = I(w) for all w € V. Show that a and |

are given by
a(w, f) = [; w'f' —wifdr | (4)
i(w)- = ~—w(£))c+j:2wdx )
(e) (10pta) Cousidering shape function expansions of the form
- f@=Naf ®
f(x)=B=)f, M

etc., where N and B can be assumed to be given, find the gov
‘erning finite element matrix equations K f = F to this problem.
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2. Consider the strong form equation for a one-dimensional elastic bar
AEW +b=0, | ®8)

where AE is a constant and b(r) is given. The domain of interest
has been discretized by 2 quadratic (Lagrange) elements and 1 linear

(Lagrange) element as shown.
1 2 3 4 5 6
L _Element1 | | _Element2 |

EIEment 3

Note the nodal spacing is uniform, with spacing h. The element stiffness
matrices for the linear and the quadratic elements are given by

7 -8 1
k‘=%[_i “” O L I T
1 -8 7

{(a) (10pts) What is the size of the global stiffness matrix?
(b} (15pts) Write out an expression for the global stiffness matrix.
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3. Consider heat conduction in a circular cylinder with insulated ends
and prescribed temperature on the inner and outer lateral faces that is
independent of z, the axial coordinate. Further assume that the heat
sapply is not a function of = - i.e. Q(r,6).

In this setting the temperature is only a function of radial position, r,
and polar angle ¢ and the temperature T(r,6) can be determined by
solving a two-dimensional problem in the r, 6-plane that is governed by
the weak form equation

L / (Vw) " DVT rdrdf = L / wQ rdrdf (10)
A A

qhaethegxmﬁeﬁtmcyﬁndzimlmorcﬁnamisgiwnby

af 18f  of ' |
| Vi=grert _pgtet 5-ex _ (11)
xnmnix'hmthewmumisgimby | |
’ | KT=F S (12)

wbaeKmbeWmmoitheBmamanchanbe
e:ptmaimtmmoftheme&h. ‘ :

SRR . {a) (10pts) The B = [B,, Bs, .. ]mnmsdasnedinmmwfthe, ‘_
o 3 ' nodal B-matrices B,. What is the expression for B, mthisse%nng_.

' assuming a given set of shape functions N,? :
(b) (l@ts) What B the exptmon for K in terms of the B matrix?
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4. Consider the boundary value problem

W +Pu=0 (13)
w0} =0 ‘ | (14)
w(lj=0, (15)

where P is a fixed parameter. This boundary value problem always
possesses the trivial solution u{z} = 0 for all values of P. However,
for special values of P one can find non-trivial solutions, i.e. solutions
where u{zj # 0.
{20pts) Use 2 linear elements to discretize the domain [0, L] and esti-
mate one such special value of P.
Himts:
{a} For linear elements one has the result that
- _ht21 _
L;\,;\';dx~-6-[1 2], (16)
where h is the size of the element.

(b} Your answer will be approximately 20% larger than the exact @m
of £2/L2. _ ,




