ME Hmwu Fall mchu @EN $_“ 2 1. Consider the 2 x 2 matrix, A = ﬁ 94 _

10
#1 #13 #3 #4 5 NAME (a) Show that
. . 1
| W 15 30 20 15 vy = NE W= 1
Rules: are eigenvectors of A, and determine the corresponding eigenvalues, de-
noted as A\, and \,.
1. Two (2) sheet of notes allowed. 8.5 x 11 inches. Both sides can be used. \b = ol H o / =
VizAv = J = A =2 A4=1
/b i
2. Calculator is allowed. ——
o ]
3. No laptops, phones, headphones, pads, tablets, or any other such device h(ﬁ\ \—\N<N = Anﬁ VNH__V - >N N__u
may be out. If such a device is seen after 10:10AM, your test will be o -

confiscated, and you will get a 0 for the exam. et
4. Keep your eyes on your own paper! _x _s “ = LP ﬁ‘”_ =3 >N = IH

5. The exam ends promptly at 11:00 AM.

6. Stop working, and turn in exams when notified.

(b) Find an imvertible matrix V' € R**? and diagonal matrix A € R®? such that
AV =VA,
V 15 matrix fovmed J w_wnsqncsd ?C &S:&u
A i &3@:3&» with eigenvid s on k___p.w.h—n\

<n~‘__ .;\\,nﬁm_v.mg o V= aﬂ __ \_u—,.nw

m— (c) Find the expression for e,

IND| = |N|-|P|, Z(ND)=2«N+2D \yn<><|_l\.& Wb& - /\nm.\fn/\i
Furthermore. if D # 0. o _ | = .llhl i_ - I i
V=00 = ¥4 =414

1f P is real, and 17> 0, then 21 = 0.
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(d) Consider the differential equation &(f) = Az(l) with initial conditions 2. For the linear system @(t) = Az(t) + Bu(t). the matrices A and B are

%Tﬁ_. aﬂ.snﬁ_. H@uﬁ% ..%TTML ;uﬁw WME mnT;
-1

-1 @ 0
In the 2-dimensional “phase-plane” below, sketch the solutions for > 0. starting

from these 4 different initial conditions. Include arrows to show the direction as (a) Consider a state-fordback, u(t) = Kx(t), where K = [K, K2 K| € RV, Find
[ increases A, such that the closed-loop dynamics are #(t) = A.x(t). Note that A, should
depend on numerical values in A and B, as well as the entries that make up K.

RGNS u.AEn\_xE,rmwﬁ\ = Axt)+ BKxtt/

%0 [2]2Vi4a XY ~(A+BIc) Xt)
of xt)= ety -¢ v, | A
3 | 01 o0 I |6 Kl K ks )
| xouWT»: \\ - Ha 24T (k L} X tm Mu

W
W=2etv ] ~— s LW RS

i (b) Find the closed-loop characteristic polynomial?

sl %=Vu ) 05 A)= (M -1 -k
i X b= X o
] | A

st ) : = k) X + (ken() - FlHaEN N~ iGN
%=[5]=2% - = Mo KA [-la-O N v

(c) For values for the entries of K such that the closed-loop eigenvalues are at

5 T T

af Xt = v, e g {~1+4, -1-4, -2)
R dosied gty = (Ael=e14))42)
s 4 a3 2 4 “. 1 2 3 4 5 - AWN.* 2N NVPY.T NV
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3. Consider the process model #(t) = x(t) + u(t) + d(t). y(t) = =z(t). where u is the (d) Choose Ky so that the instantaneous-gain from r — u is 0.5.
control input, d is the disturbance, and y is the measured output. For simplicity,

ignore sensor naise in this problem. ;@u = kK Nﬂnw t ».\0 Wnﬂ + R X ﬁﬁ\

(a) Using the coutroller architecture Hlm. - \ﬂo E
H = vl -ulo) 5

wf] = Kislh+ Katlh) + Kale) (e) For this closed-loop system. what is the steady-state gain from r — y?

find the closed-loop state space matrices A € R*?, B € R*? € c R™? D e RV?

such that Fr h«.ﬁ??&.{sﬁ? ~NTQ4RQ\\\§+ = u..w.@.\.u“.‘ -4
[o]-a[0] -2 %]

and
y)=_¢ ﬁ MMHW _ +D ﬁ MM“W ﬁ : (f) For this closed-loop system, what is the steady-state gain from d — y?
» . 2 V.%.
gubshue .Tﬂ wom X oeq, and &ux mwi 2 eqs, Archidedve /= S&nﬂ\?‘% = 336y, =0
ot e i Sl
.XE P ?NP. -ﬂH F.ﬁ“ . (<3 ’ mg (g) With the K;. Ko. K, already designed (and fixed at these values). suppose the
WG.L i | 0 Wﬂ.w . il J process model changes to #(t) = 1.1x(t) + 0.9u(f) + 0.8d(t). For the closed-

loop system with this modified process.

- ﬁ— 0.._ rﬁ.& & Qu O”_ e i. éw_;_‘ is the steady-state gain from r — y? . ‘
&Q mf._ i/ NM&.’J = _V is byt Cr»su@ " \_E% h*

(b) Tn terms of Ky. Ko, K1, what is the closed-loop characteristic polynomial? <l osed - \*\aﬁ emains M% « See ED\F»
ki) K Ak, -k
?ﬂw = ﬁwhw m&. Ea = Mﬁ | L O.h = % | : \' % ii. what is the steady-state gain from d — y?
Am.wm&n-u = Gu s st fo er_u? in Vg _l...m
o . %
= AN = (HE)M + kg Cloxgd AP remans stable . dee na&h«i
(¢) Design K aml K so that the closed-loop cigenvalues are a complex-conjugate
iii. what are the closed-loop eigenvalues? _.SQ.. Modd Tnh\fﬂ&\ wt & Al

miﬁs_:r_‘mno.q.eauuv.
Mp = Nt 25unrt vl = N+ 2.8) +Y sig 11-(9)33)  (9)4 232 36
0? = b -

-) 0 - . 0

ohost o

Qs\\rcu s >n + 2327 + 3.6
ek [lius [ 192} (5.6, wn>13)
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4. This problem focuses on the response of the system (1) = Ax(t)+Bu(t), y(t) = Cax(t).
For each system given below

s Compute the eigenvalues of A

o Determine lim,,o »(f). for the response with #(0) = 0z, u(t) = 1 forallt > 0
s Determine §(0), for the response with o(0) = 0y, u(t) = 1 for all £ > 0

* Make an approximate sketch of the response y(t) versus ¢, with u(t) = 1 for all

t > 0, starting from x(0) = 0,. Numerically mark/label the vertical and
horizontal scales.

wa=[3 1] 8=[}] c=l-23]

o Eigenvalues =

dut (T A) = Mes)-1)+ 8 = N riar3 = (A3 ()
: evals Mn_\tww
o limecyt) = ~CA” W 4 S :
-6231]3 1] ] = L) - %
30 = CB
= ﬁlN w...._ﬂw =20
2

& Sketch of response (mark/label both seales)
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o Sketch of response (mark/label both scales)
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5. Consider the 2-state dynamic system &(t) = Ax(t) + Bu(l), with

en[4 3] o=

(a) What are the eigenvalues of A

du PT-A) = (A 15 = A= = (A)00)
evals = M.._\ _w\

(b) Is the system stable? 30

(¢) Consider a state-feedback u(t) = Ka(t) for K € R Using this feedback. find
the closed-loop differential equations governing z.

A TR e

2 ..\*R IWTKN-
Xe) = N-w?ﬂ -{:«PMXR\

(d) What is the closed-loop characteristic equation?

$HG 5tk »_ v

Acgp = dut ﬁﬂa\ T«n YK

(M- 9-K,) Q+4-Kk3) = G-Kk2)(3-K)

Npga~Ke X =4d-lp +4iG K A -YK HiG ke

+15 + 5K -3 ~k Ko
N+ (d-Ka-4 ~kDN + (-le+dky =46 115+ 5K -3k..)

VF.T W.RIKNJV, + \I\*KTRVV

(¢) Can vou choose K so that the closed-loop eigenvalues are at {4, —5}? Explain
your auswer.

Aw = PeD)AS) = Xt 9rsz0
mateh coeffe -Ki-l. = 9 Ao ol , 04

=] HG ri = 2o / degerderg m Kl

IS the same [ pot
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M Selufum exists.



