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Math 113 Midterm Exam 4.10pm -6pm

This exam consists of 7 questions. Answer the questions in the
spaces provided.

1. (25 points) (a) Carefully define what it means for a set G to be a group.
Solution:

A ;,,/074 is a sek G 67”‘”0‘,4 it a é/na:7 p/MW

£ 6xG — G s.k.
Cy.h) —= gk

;/ (jk)k =J(|,L-k) \{J,b\,l:e G CQS‘SodW\/fA’y)

zZ Jee & st 5e_-.:¢J =9 Vje& ( Toantdy)

ct“’""‘je “ , Jhe ¢ s-t.

\w

gh=the =e (Zuverrn)

(b) Prove that the identity is unique in a group G.
Solution:

Let e,e'e€ G both felioe w0 an idodhy =

€ Celse_/

!
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(¢) Let G be a group and H C G. Define what it means for H to be a subgroup.
Solution:

_7/ ee H
z- Je H = J'( < U

(d) Let H C G be a subgroup. Prove the following is an equivalence relation:

T~y = 7 yeH

Solution:

| ~1 - _
Tyed D (9 =gl en

= 9~ % (gymmetrc)

J) (J_I-E' = PC—ICJJ")-E =7c—::=_e,l.]
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2. (25 points) Let G be a group.

(a) Define what it means for a subgroup N C G to be normal.
Solution:

N rovmdvn G & Vaue N, ge & —
96, g eV
(b) If N C GG is a normal subgroup, prove that the binary operation
6:G/NxG/N — G/N
(@N,yN) — (zy)N

is well-defined, i.e. independent of coset representative choices.

Solution:

Let wa_.,_,‘.jlljte G,— s.£. DL,NS—’C?_N Y Y N-:‘ N
—_— N =y,

= = -
= 7t ’cz,(“jtttfz.%l\/

C?Cl Y, )

- ~

|
CD = ~
-1

X~ e N

=> (x,.j)"

(¢) Prove that G cyclic = G/N cyclic
Solution:

G cooic = Jp@x’) = & Forsoma 2o N =
G = {xm( u«e?} = Q—/M = foN =(‘RN)“ )u«e?}
= gp(=N) = /v > & cyote.
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3. (25 points) (a) State, without proof, Lagrange’s Theorem.
Solution:

bl Hca pe a sekgrep. T [l el

(H//Ie-/

(b) Let G be a group and z,y € G such that ord(x) and ord(y) are coprime. Prove
that if n,m € Z then

" =y™ = ord(x)|n and ord(y)|m

You may use any result from lectures as long as it is clearly stated.

7:¢°b abe o d () andl MCJ) :

w
= = = m,ol “w
'/ ovdtCz-) = 13‘3(:&)) ¢ Q»)l

WACj) = (jl’(‘jll

"

a~ddl ; 3 = e & OI/D(Cy) 'IM
jf(ﬁ)(\aao(x) 4 o subavay A bl DVL"‘) MjPLU).

Becawsn Elajo ooy art ao/rw‘mﬁ /jﬂ(Jf-/’lj/aCy)/ =/

=>

o
e 9P L 9T C 90 () | e  x L m

U=
TJ Te D adlyla ar wd(yd |,
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4. (25 points) Let G be a group and S be a set.

(a) Define the concept of an action of G in S.

Solution:
A grewe el 5 a sy Y: GxS = S s.+
L els) =s ¥ses e o) = =cy
Z2— (=9)¢) = % (40)) ¥ e &, se S

(b) Prove that
0. GxGE — G
(9.h) — ghg™

gives a group action on G on itself.

Solution:
o oelh) = ehet = L ¥ ue G
2 g)(h) = Pyl = x (gl g )x

= x(g(k))

(c) Using this, prove the following: If G is finite then

[{ghg t|g € G}| divides |G| for any h € G.

You may use any result from the course as long as it is clearly stated.

[ka-llﬂeez — (h/h(k) wunde  adoove adlion
ol Sodatice = el = [t [ ey cuy)
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5. (25 points) Show that for z,y € Syms, if ord(x) = ord(y) = 6, then x and y are
conjugate. Is the same true of elements of order 27 You may use any result from the
course as long as it is clearly stated.

Solution:

Possibl. cyo& ik :j(yws
e =1 CL'CM)

h,0,0,1,1 —

1, ,1,2 e— o~ =7

1,2,2 — ondse =T

1,3 p— awd- =73

1,4 — o~ =N

2,3 e o =&

J G g =3

foa  ad(x) =k & x MJ b

; e shuAo—~ = £ o
s y CQLVZJ afe

Hewe  ovd (x) :ovd\cf/=s =2 X Cﬂ‘«/'ajd{l to y -

ovd () —,(,.,alcj] - 2 % x c,wj'uyc){? l—vd

e-g. (iz) ad (/?-)(ZL{).
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6. (25 points) Let G and H be groups.

(a) Define the concept of a homomorphism from G to H.
Solution:

A Aamomww w a MV %: G —s 4 st
¢/Cx7)=¢C9‘/¢fy) Vpc.je G

(b) State, without proof, the first isomorphism theorem for groups.

Solution:

Ltk ;‘/: G — H be a homamw,om. 7T

o posct np g G g > T
xé_a//ﬁ I—2 f/(;]

Px; a W&M—o(h'%ouﬂl iﬁﬂﬂuw)"m—

(¢) Give an example of a non-trivial homomorphism from Z/3Z to Dg. You do not
need to prove it is a homomorphism.

Solution:

>
i}
L‘(I{/ pé = Z‘C,G',@Z,{/(erg('rlfc,fs (-CK—Q(_EGSS

p«(%‘bu‘ % - Z/B'Z — pé

[‘Lj — G’u
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7. (25 points) (a) State the structure theorem for finitely generated Abelian groups.
Solution:

Lok & be o Fog. Abelo  greyp. Tl G o

Famapbrc o Lt Livd  produck 4 fj&‘“ 7.

Trase  greys ot Citle  juFinke (%(Z,-r)) o prin
Srat oo (g(z/(,,z,+)/. Mozouer, o €
VWM? v/l FSomaplabe  £lug oArtousoeaon

X s o

(b) Using this, show that an Abelian group of order 30 must contain an element of
order 5.

Solution:

20 = Sxz=x1

[ G/ =30 ad & Apelie = G= <

wd( (35,001, Co3,) =S = F=xe &
s. €. | () = S
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(c) Prove that, up to isomorphism, there is only one group of size 100, such that every
element has order dividing 10.

/é’/:/ﬂﬂ = S- 2% , Aloelio~ =

G = Z/ x Z/LZ = ok Cljs" ,fljz.,_) =160[/5
= s*Z 2

d (Cs) ,Cs_),CJ'_‘)=lf/flb
v T Ty Yy & A
e— oA (CB o, Loy, (o3 ) =2dvo
2, x 22

- "Z/az * Z/zz
lo ( qus’ f‘ojg ) (Cj-.. , (*_3;) = (C“’ch Clobzs,[loqu[}“}_’_)

= ( Cojf ’ Ce}” el (9 C°37_)

= o ([, C07,,63,,63,.) |10

= Zf, x Clog » Pg x Z/aZ /s #le ouh o
(7¢ é? /:(omm??ku;u'/ M«‘oﬁ 5'«»4‘34‘-_7 é&( O(D”V-col

/Om/o/é/ao .

END OF EXAM



