MATH 113 Midterm Exam #1

Complete all problems. You must show your work or justify your answer for all
problems, unless it is stated otherwise. You may quote theorems and results from
class or the homework without justification (name the theorem or state “we proved
in class that ...”). If you need more space, use the blank pages at the back of the
exam. If you want me to grade work done any of those pages, clearly indicate this

next to the appropriate problem.

Problem 1 10
Problem 2 8
Problem 3 4
Problem 4 6
Problem 5 6
Problem 6 6
Problem 7 10
Problem 8 10
Problem 9 20
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Scratchwork. This page will not be graded.



1. Answer each question. You do NOT have to justify your answers.

(a) (2 points) Let G = (a) be a cyclic group of order 20.

i. The number of proper nontrivial subgroups of G is | .

20: X 2. N.5,10, 26
ii. Thei)rder of (a'?)is _ B

8]
o = A0 _
lemOapd = o =3 o
(b) (2 points) In the group Zs x Zs, the inverse of (2,3) is _(7,32)

(c) (2 points) Define the index of a subgroup H in a group G.

The numbee of et (or riﬁ\\t) cosets
of H in G.

(d) (2 points) If H is a subgroup of a finite group G, then Langrange’s theorem
states that:

B order ofF M Awides the ofder of G.

(e) (2 points) Let ¢: Zg — Z,4 be the homomorphism defined by ¢(1) = 1.
Then the first isomorphism theorem (also known as the fundamental the-
orem of homomorphisms) states that which two groups are isomorphic?

zx/(ﬁ? ~ 4y

Klr& = {E)QE :(q7
lm &= Zy




2. (2 points each) Consider the permutations

(1234567 g a1 234567
T \s3 47625 1) ™ TT\5 167243

ot O

in S7.

(a) Find the order of o.

=13 7)24 ¢5)
Lem (3,49) ‘_\@

(b) Write o771 as a product of disjoint cycles and as a product of transposi-
tions.

T'=0 25) (37 4¢e)

= 45 3)6 )
= 3)() 5O (6T)

(c) Isor™ ' € Ay?

Yes, ble it tan be weitken as the prduct
of an even ¥ of transpositions

(d) Hoxiv many cosets does H = (o) have in S;7
Szl 7! \
- F _
153201 = 157 % = = ~H2ol



3. (4 points) Find a subgroup of order 8 in Dy, the dihedral group of a regular
10—gon, or prove that one does not exist.

Siee ¥ dows tot divide 40=IDil, Logrange's Hun
implies thak no suth swbgp aists.

4. (6 points) Suppose G is a group. For a,b € G, define a ~ b if there exists some
x € G such that a = xbx~!. Prove that ~ is an equivalence relation on G.

e iellexive: Lek ae G Then G=eae™ 2 e€eG, 30 ara.

. S%mmekrfv Let 0,beG s4. &a~b. Then IxeG s-t.
O=xbx? = b= ¥'ax
= (xN)?, ¢ xeG, so bra.
* kegnsitive: Let abiceG si. 6~b t b~c. TThan arxtgc—g
k. a=xbyx? ¢ b=l6Ql3,.\. Thuo
&= ')C(%C\Q") >
= (xy) ¢ (47'x")
= () ey)’, 2 xyeG, s an~C.

Thanefoce, ~ s an a_eoudvoilu\u celation.



5. (6 points) Let G be a group, and fix ¢ € G. Consider the map ¢,: G — G
defined by ¢y(z) = gzg~'. Prove that ¢, is an isomorphism.

. ‘Lﬁ s G l\omomorp\\jsm:‘ Lot 'xlxseG.. Then
Ly xgd= 4x9G7'= 4x 474 43" = @iy,
. iojeehve: Qo xue G st. laGdc (G Then Qyg'= -
)é by e ¢ Cight cor\ce\t%‘h’on, Sxt]:ta. 3 439
- Sucjeckive: fak e Q. TTRan 4'49¢€G, *
C ra o N- na” -
9@ 4D=99999 = Y-
Thorefore, lo 13 o0 isonocPrisM.

6. (6 points) Let ¢: G — G’ be a homomorphism between finite groups. Prove
that |¢(G)| divides |G| and |G|

(@@ divides 18"+ WL Yaow Hhat AGI€CH, so by
Lagrangss Than, (€@ |1G")
- Vo@)\ diides 16l ¢ 8\6 Hhe 1 Isemorphism Hm,
G‘/K“(Q ~ @(g). Thunp lG/K.«Lccsz\ ‘lCQ(G)
Vikeeql =)@

|G\ = lker @V \@(G| .
Sivee \Ker@le 27, it Rlows +hat Q@] diaes \G).



7. Let G = Zyg X Zg, and let H = {(5,4)). For all parts of the problem, show any
computations you do, but explanations in sentences are not required.

(a) (2 points) How many elements are in the quotient group G/H?

‘H': QM‘(Rua\:'Q
16/w) = 1V )y = 2 = M0

(b) (3 points) Use the fundamental theorem of finitely generated abelian groups
to list all possible isomorphism types for abelian groups of order |G/H|.

Yo=2>5
* 2y x s
* dx quzs
« VXL x daxls

(c) (3 points) What is the order of (5,1) + H in G/H?
\

9.
$GD=Go)ed > \||GT +al- ¥

(d) (2 points) Based on your answer to (c) and no additional calculations,

either determine which group in (b) is isomorphic to G/H or explain why
it is not possible to do so.

i )
1015 s the only 3p,‘?;o§\?c}\ condeans an  oft of
oOfder X, 6 \G/H * 2 xUs |




8. (5 points each) Let ¢: G — G’ be a homomorphism, and let K = ker ¢.

(a) Prove that K is a subgroup of G.
* Closed: Lex wYekee 4. Then D)= dy)=e', ¢ 3o
(Q('X‘\P = CQ(')OCQLQ =elel=e’, 30 Xye Ku @

idankidy: Sinee @ 1S @ hom, d(e)=¢' = eeckecq.
So

-

Let xe kec Q. Than Q) =¢’,

° InNe(ses:
> Xxlefer 4.

Q"= Q) = (e)7'= e!

Thodee, K€ G

(b) Prove that K is a normal subgroup of G.
1t sufficas Jo show that NqeG 2 Vxe X, qxa"e k.

Lek 366 2 xXek¥l. Then
W™ = @@ A Q@)
= (9(3) C( @((3\-1
- Q) Qy’
e
£ X Were arbi-kmuua, hd holds

6 3%3“6\1. Sinae 9
for al 4eG & V& k. Thereure, KaG



9. (2 points each) Determine whether each of the following statements is true or
false. You do not need to show any work and you do not need to justify your
answers. Clearly write the word “True” or “False” for each part.

(a) A group of order 17 has no nontrivial proper subgroups.

trwe
(b) Z ~ Q.

Lalse

(c) In S, every cycle of odd length is an even permutation.

Erug

(d) Apart from the identity, all elements of Z x Z;5 have infinite order.

false
(€) Zns ~ Zg X Ls X Zs

false

(f) If H and K are subgroups of a group G, then H U K is a subgroup of G.

False 7

(g) The cosets of (4) in Ziq are {0,1,2,3}, {4,5,6,7}, {8,9,10,11}.

fals¢

(h) Every subgroup of a non-cyclic group is non-cyclic.

ch\ s

(1) D4 ~ Z4 X Zg.

Colse

(j) Let G be a group and g € G a fixed element. Then the map ¢,: G — G
defined by ¢,(z) = gz is a permutation of G.

oug
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