1.

Math 1B. Solutions to the Final Exam

(16 points) Suppose that |f”(z)] < K for all a < 2z <b. If Ep is the error involved
in using the Trapezoidal Rule for computing f; f(z)dx with n subintervals, then
K({b—a)?

12n2
Using this bound, what is the smallest value of n that will guarantee that the Trape-

|Ep| <

3
zoidal approximation for / 23 dz is accurate to within 1/6? (Your answer should be
1
an integer.)

Since f(z) = 23, we have f”(z) = 6z. On the interval [1,3], the maximum of
|f”(z)| = |6x| occurs at © = 3, so we can take K = 18. We also have a = 1 and
b =3, so the error bound is

By < 80232 32 1
TV="1on2 = 2p2 — pz T 2’
This needs to be smaller than 1/6, so:

12 _1

n2 =6’

6-12<n?;

72 <n?.

If n =8 then n? = 64, which is not big enough, but if n =9 then n? = 81, which is

big enough.
Therefore the smallest possible value of n is n =9.

(16 points) Find the area of the surface generated by rotating the curve

y:5—?, 1§CCS2,

about the y-axis.

Let f(z)=5-— % . Then f’(x) = —x, and therefore ds = /1 + 22 dx. Therefore
the area of the surface is

b 2
/27rwds—27r/ vV 1+ 22dx
a 1
5
:7r/ Vudu
2

5

= —-TTu

3
:%”(M_M).

(Here we used a substitution u =1+ 2%, du=2zdx.)
1
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(20 points) Determine whether the series

G 1
nZ:;) n(lnn)(In(lnn))

is absolutely convergent, conditionally convergent, or divergent.

Since e < 3, we have In(lnz) > In(lne) = Inl1 = 0, so the functions Inz and
In(Inx) are positive and increasing on the interval [3,00). In particular, the denom-
inator of f(z) = m is positive and increasing on [3,00), and so f(z) is
positive and decreasing on that interval.

Therefore, we can apply the Integral Test on that interval.

Since the Integral Test involves a substitution in an improper integral, it is best
to do the indefinite integral first. Using the substitutions v = Inz, du = dz/xr and
v=Inu, dv=du/u, we have

dx du dv
/:E(ln:n)(ln(lnx)) = / w(nw) gl Injv|+C =In(In(lnz)) + C .

Therefore

/°° dx — lim K dx
5 z(lnz)(n(lnz)) iy z(lnz)(In(lnz))
= lim In(In(Inz)) t

t—00

3
= lim (In(ln(int)) ~ In(ln(in3))

t—o00

=0 .

Since this improper integral diverges, the original series also diverges, by the Integral
Test.

(18 points) Determine whether the series

is absolutely convergent, conditionally convergent, or divergent.

By the binomial series,

o2 =) O+ Y+



therefore the n'"' term in the series in the problem (call it a,, ) is

SO0

m=2

Since the dominant term (for n large) in the above series is the first term, this says

that a, behaves like (g) (%)3/2 , so it makes sense to try using the Limit Comparison

Test with the convergent p-series ) # . We have

0 m—2
. Qp . . ™ 1
Jdim 5 = Jlim (Z (m) (n> )

m=2

- (3 (7))
-()
a(m—1)

=———7#0
5 70,

where we let © = 1/n. Since the series Y 1/n3/? converges, so does the series given

in the problem. Also, the series converges absolutely, because (for large enough n ), all
of the terms are positive.

1
(22 points) Find the Maclauren series for In <1 e

> , and determine its radius of
—x

convergence and interval of convergence.

[Hint: Use a property of logarithms.]

Using a property of logarithms, and the given series for In(1 + x),

1+
1 =In(1 —In(1 —
n (1 — x) n(l+z)—In(l —x)
= —1)nt —.
ST
When n is even, the terms cancel. This leaves only the odd terms, so we have

1+$ e $2k+1
I ) Yty *
n(l—x) ;%H )

The radius of convergence for the series for In(1 +z) is R =1, so it converges for all
x € (—1,1). If we replace = with —x (as was done to get the series for In(1 — x)),
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the resulting series still converges for all x € (—1,1) (because if x € (—1,1), then
—x € (—1,1), too).

Therefore the series (*) converges for all x € (—1,1), and its radius of convergence
is at least 1.

On the other hand, when x = 1, the series (*) simplifies to

[e.o]

2
Z:2k+1'

n=1

This series diverges, by using the limit comparison test with the harmonic series
> (1/k). This implies that the radius of convergence is at most 1, so R = 1 for
the series (*). Also, x =1 is not in the interval of convergence. When =z = —1, we
get minus the series for x = 1, so it also diverges.

Therefore the interval of convergence is (—1,1).

(18 points) (a). Use Euler’s method with step size 0.5 to estimate y(1.5), where y(x)
is the solution of the initial-value problem

y =tan"'(2z +9) , y(0)=0.
The computation is as follows:

‘ T ‘ Yn
0 0
0.5 0+0.5tan"*(2-04+0)=0
1.0 04 05tan™*(2-0.5+0) = Jtan ' 1 =%
15 | Z+05tan"'(2-1+7%)

W= O3

So the estimate for y(1.5) is
T 1 7T
15)~ 5+ Stan”t (24 )
y(1.5) g T 5tan +t3

(b). Is your estimate for y(0.5) larger or smaller than the actual value of y(0.5)?
Explain.

[Hint: Is the graph of y(z) concave up or down? You may assume that y(z) > —2z
for all x > 0]

To determine concavity, we look at y”(z) in the interval 0 < z < 0.5. To find
y"", differentiate both sides of the differential equation:

y"' = %tan_1(2az+y)
2+

2z +y)2+1

_ 2+tan"'(2z +y)

o (2z+y)2+1




The denominator is always positive, and the numerator is likewise positive because the
given fact that y > —2z implies that 22 +y >0, so tan™1(2z + ) > 0.

Therefore the graph of y(z) is concave upward. Since Euler’s method uses the
tangent line to the graph, the actual value of y(0.5) will be larger than the estimate
using Euler’s method.

Alternative method (unanticipated): The estimated value for y(0.5) is 0, so we
only need to know that y(0.5) > 0. But, from the given inequality y > —2z, we
have 2z +y > 0 for all = in (0,0.5), so ¢ = tan~!(2x + y) is positive on this
interval. Therefore y(z) is increasing on this interval. Since y(0) = 0, this implies
that y(0.5) > 0, so our estimate is smaller than the actual value.

(22 points) Find all solutions of the differential equation
I 2
y =sinxcos®y .

Express your solutions in the form y = ... if possible.

This is a separable differential equation, so we solve it by separating variables and
integrating:

dy _ . 2
— =sinx cos’ y
dx
dy :
= sinzx dz (cosy # 0)
cos?y

/SeCdey—/sin:Ud:):

tany = —cosx + C
y=tan }(C —cosx)+nwr, necz.

If cosy=0,then y =% +nm, n €Z,so these are equilibrium (constant) solutions.
All together, the solutions are:

y=tan ' (C —cosz) +nr, ncZ

and y:g—l—mr, ne.
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(20 points) Solve the initial-value problem

y+l=2, y6)=2.

x

This is a linear equation. The integrating factor is
I(.%') _ efdz/m _ elna: =z

multiplying both sides of the differential equation by this factor gives

xy +y=2z;
(zy)' =2z ;
zy=2>+C;
C
y=x+ —.
x

This is the general solution. To solve the initial-value problem, plug in * = 6 and
y = 2 to the equation xy = 22 +C to get 12 =36+ C, so C' = —24 and the solution
is

24
y=x— —.
x

(20 points) For each of the following differential equations, write a trial solution for
finding v, using the Method of Undetermined Coefficients.

(Do not solve for the coefficients.)

(a). y'" =3y +2y =uze” 4+ e*cosx

The auxiliary equation is 72 — 3r +2 = 0, which has roots » = 1 and r = 2.
Therefore the general solution to the complementary equation is

x 2x
Yo = C1€7 + 27,

and the form of the trial solution is
yp = (Az® + Bz)e® + ¢”(Ccosx + Dsinz) .
(b). ¢ =2y +y = ze”

Here the auxiliary equation is r? — 2r +1 = 0, which has the double root r = 1.
Therefore y. = (c1x + c2)e”, and the form of y, is

yp = (Az® + Ba?)e® .
(). ¥y" =2y +2y=e"+cosx

Here the auxiliary equation is 72 — 27 +2 = 0. Solving it (using the quadratic
equation) gives r = 1+, so y. = e*(cicosz + cgsinz), and the form of the trial
solution for y, is

yp = Ae® + Beosz + Csinz .
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(25 points) Find the general solution of the differential equation

Yy’ +y=tanzsecx .

The auxiliary equation is r? + 1 = 0, which has roots r» = £i. Therefore the
general solution of the complementary equation is

Yo = C1COST + Cy8inx .
The right-hand side of the differential equation is not of the form for which the Method

of Undetermined Coefficients can be used, so we need to use the Method of Variation
of Parameters. This means looking for a solution of the form

Yp = U1 COST + Uz SINT .

The equations to be solved are

Multiplying the first equation by sinz and the second by cosz and adding gives

2

(sin? z + cos® z)ub = tanzsecx cos x ;

uh =tanx .
From the first equation, we then have
sin
uy = — uy = —tan®z .
cosS T

Therefore
ulz/(l—seCQx)dx::c—tana: and uQ:/tan:L‘dlen|seca:|

(we’re just looking for a particular solution, so a constant of integration is not needed).
The general solution is then

y = (z —tanx)cosx + (In|secz|)sinz + ¢ cosz + chsinx

=z cosx + (sinz)In|secx| + ¢1 cosz + cosinx

(where ¢, —1=rc2).
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(28 points) Use power series to solve the initial-value problem
y'—ay' —y=0, y0)=1, ¢ (0)=0.
(You do not need to check that your answer converges.)

Let y =7 jcpa™; then v/ =07 ne,a™ !, and we have

o0 o0
y' = E n(n —1)c,z™ 2 and —xy = — g ne,x™ .
n=2 n=1

We can start the sum for zy’ at n = 0 instead of n = 1 without throwing in any
terms since the n = 0 term is zero. Also, we can shift the indices for the series for y”
by replacing n with n + 2. This gives
o0
' = (n+2)(n+eagar” ;

n=0

r n .
—xy = — E nepx” ;
—y = — E cnz” .

Adding these series then gives

Z((n +2)(n+ 1)cpre —ne, —cp)z™ =0.
n=0
Setting each coeflicient equal to zero then gives
(n+2)(n+1)epro — (n+1)e, =0;
Cn
n+2°
This is our recursion relation, valid for all n > 0. (Note that dividing by n + 1 never
resulted in dividing by zero.)
The first several coefficients are therefore:

Cn42 =

from the initial condition y(0) =1 ¢¢ =

from the initial condition 3'(0) =0: ¢; =0

1
from the recursion relation with n =0: ¢o = %0 =5
setting n =1: c3 = %1 =0
. Co 1/2 1

= 2: = —= — = —

setting n Ca 1 ) 5.4
setting n =3: ¢5 = %3 =0

Cy 1

settingn =4: ¢ =— =

(@)
o
S
(@)



The pattern is now apparent: ¢, =0 if n is odd, and

1 1

cn: =

2. 4-....n 26K

if n =2k is even.
Therefore the solution is

oo .’E2k
=2 2k (k1) -

k=0



