FINAL EXAM: MATH 104 SECTION 004

2016. 12. 12.
7:00 PM-9:00 PM

NOTE: (1) You may use all the basic arithmetic manipulations without proof and without
mention. You may also use any result proved in class or assignment, in the official textbook,

but these must be mentioned.
(2) In this exam, N denotes the set of natural numbers, and R denotes the set of real numbers.
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1. True of False? (No proofs are required.)

(1) (7 points) (TRUE/FALSE) Consider a continuous function f on (0, co), and suppose
that f is a uniformly continuous on (0, a) for all @ > 0. Then f must be a uniformly con-

tinuous function on (0, c0).

Answer:

(2) (7 points) (TRUE/FALSE) Suppose that a sequence (a,)22; of real numbers satisfies
lim |a,|/" = 1. Then, the infinite series Y>> | a,2™ must converge pointwise on (—1, 1), but

cannot converge uniformly on (—1, 1).

Answer:

(3) (7 points) (TRUE/FALSE) Consider a sequence ( f,,)32 ; of continuous functions on [0, 1].

Suppose that (f,) converges pointwise to a function f on [0, 1], and that

1 1
lim i fn(x)dx:/o f(z)dx.

n—oo

Then, (f,) must converge to f uniformly on [0, 1].

Answer:

(4) (7 points) (TRUE/FALSE) Suppose that a sequence of functions (f,)>°, converges to f

uniformly on (0, 1). Then, the sequence (f3)%, converges to f* uniformly on (0, 1).

Answer:



(5) (7 points) (TRUE/FALSE) Consider a function f on a non-empty subset S of R. For
a € S, suppose that the function f satisfies lim,_,,s f(x) = L. Let T be a non-empty subset
of S containing a. Then, lim,_,,r f(z) = L.

Answer:

(6) (7 points) (TRUE/FALSE) Let 0 < a < 1 be a fixed number. Suppose that a sequence
of functions (g,,)%%; on [0, a] satisfies |g,(z)| < 2" for all z € [0, a] and for all n € N. Then,

> gn(z) is a uniformly convergent infinite series.

Answer:

(7) (7 points) (TRUE/FALSE) Suppose that a set S with a distance function d is a complete
metric space. Let (s,)%; be a Cauchy sequence in this metric space, and let f : S — R be

a continuous function. Then (f(s,))5; must be a Cauchy sequence of real numbers.

Answer:

(8) (7 points) (TRUE/FALSE) For x = (x1, 22) € R? and y = (y1, 2) € R?, let us define

d(z, y) = |x1 — y1|. Then, d is a distance function on RZ.

Answer:



2. Consider the following power series. (No proofs are required.)

o0

3,
Z 2n+nx

n=0

(1) (8 points) Find the radius of convergence.

Answer:

(2) (8 points) Determine the exact interval of convergence.

Answer:

3. Find the following limits (No proofs are required.)

(1) (8 points)
. 4
lim
z—0~ |$|

Answer:

(2) (8 points)
(x— 1)

e=1 gy — /20 —1

Answer:



4. (10 points) State the definition of the following notion:

Let S be a subset of R, let a be a real number that is the limit of some sequence in S,

and let L be a real number. We write lim,_,,s f(z) = L if:

5. (10 points) State the Weierstrass M-test.



6. Determine whether the following functions are uniformly continuous or not, and prove
your answer.

(1) (10 points) The function f(z) = +/z on (0, 1).

(2) (10 points) The function f(z) = 11_235 on (1, 00).



7. Define a sequence of functions (f,,)5, on [0, 2] by
Vat+n
Vr+n

(1) (12 points) Prove that the sequence (f,)32; converges to some function f uniformly on
[0, 2].

fn(x) =

(2) (5 points) Find lim,, f02 fn(z)dz and justify your answer.



8. Define a sequence of functions (g,)%; by

xn+1 + 2
n? +cosn)(z" + 1)

(1) (12 points) For a > 0, prove that Y ;- | gx(x) converges to a continuous function on [0, al.

(2) (5 points) Prove that )"/~ gr(x) converges to a continuous function on [0, c0).



9. (14 points) Suppose that a sequence of functions (f,)s°, on [0, 1] converges uniformly to
fon [0, 1]. Let g be a continuous function on [0, 1]. Prove that (f,g)32, converges uniformly
to fg on [0, 1].



10. Suppose that we have two different distance functions d; and ds for a set .S. The metric
space S with distance function d; is denoted by (S, d;), and the metric space S with distance
function ds is denoted by (S, d). Let us assume that the metric space (S, d;) is complete,
and that

di(z, y) < do(w, y) < 2di(x, y)
forall xz, y € S.

(1) (8 points) Suppose that (s,)2, is a Cauchy sequence in the metric space (.S, dy). Prove

that (s,)r, is a Cauchy sequence in the metric space (.5, d;) as well.

(2) (8 points) Suppose that the sequence (s,)%, converges to s € S in the metric space

(S, dyi). Prove that (s,)52, converges to s in the metric space (S, dy) as well.

(3) (6 points) Prove that the metric space (S, dz) is complete.
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