Math 1B Final Exam Solutions
Lecture 3, Spring 2010

1 o Using a trigonometric substitution, evaluate

V3/2 1
———dx
L o

Recall that v/3/2 = sin7/3 = cos /6.

Solution. Let x = sin®, § € [-n/2,7/2]. Then dx = cosf df. Furthermore, when 2 = v/3/2,
0 = /3, and when z = 0, § = 0. Thus,

V3

5 1 31
/0 mdl’ = /0 COSHCOSQdQ

™

_ /Sde
0

= /3

2 o Solve the equation

d
td—?:u—i-ﬁcost (t>0)

and find a solution that satisfies u(7/2) = 0.

Solution. We may rewrite the equation as v’ — %u = tcost. This is a first order linear
differential equation.

[(t) _ effl/tdt — e~ Int _ 1
t

So our goal is to solve (%)/ = cost. Integrating both sides yields % = sint + C, so
u=tsint+ Ct

is the general solution.
Finding the particular solution where u(m/2) = 0, we get

T .7 T m
0 2st—i—C'2 2( +C)
so C' = —1. The equation is then u = tsint — t. O
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3 o Use substitution and integration by parts to find:

/ (cosz)? e dx

Solution. Let u = sinz. Then du = cosxz dx. So we obtain

/cos?’xesm’”dx = /(1 — sin® 2)e""? cos w dx

= /(1—u2)e“du
= /e“du—/u26“du

We see that it will be helpful to find [ z?e“dz, which can be done using integration by parts
twice. First let u = 22 and dv = e*. Then du = 2z and v = ¢* and we obtain:

/xzexdx = p2e® — /Qxexda:

The latter integral may be found using a second application of parts. Let u = x and dv = €*.
Then du =1 and v = €*, so

/xexdx = xe’ — /exdx =xe’ — e

/a:ZeId:U = 2%e” — 2(we” — ") = (2 — 27 + 2)

Thus,

Plugging this result into our main calculation yields

/cos3xeSi”d:c = / / edu

= " —e"(u? —2u+2)
= —e“(u® —2u+1)
= e (sing — 1)* 4+ C

4 o Determine if the series absolutely converges, conditionally converges, or diverges.

i(_l)nln (Qnr—bl— 1)

n=1




Solution. The limit of the terms of this series is not zero since

‘(—U"ln (%"11) —In (27111) — In(1/2) #0

So the series diverges by the Test for Divergence. n

5 e Show that integral

[e.e] 6:)3
—dx
1 T +e’

converges or diverges using the comparison test.

Solution. Note that for x > 1,

0< ——<—=¢""
x+€2x 6296

. oo oo x
So, if fl e *dz converges, then fl € — dx converges too.

z+eZ®
<, L et
/1 e tdr = tlggo [ e L
_— _ —1
Jim [—e™ +e7]
= 6_1
In conclusion, the given integral converges. O]
6 e Consider the differential equation
dy 11—z
dr 2y

i) Sketch a direction field for the region —1 < 2 < 3, 0 < y < 3/2, including at least 15
points. Also include labeled axes.

ii) Solve the differential equation. Express y explicitly in terms of x.
iii) Find a solution through x = 2, y = 1, and sketch it on the direction field graph.

Solution. (i)

z ||-1 -1 =1l0 0 o|1 1 1|2 2 213 3 3
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(ii)) We use separation of variables to solve the differential equation. We get 2y dy =
1 — ) dx. Integrating yields y? = z — 2 4. Thus, y = +4/—% + 2 + C.
2 2
(iii) We plug in the values x = 2 and y = 1 into our equation from part (ii) to find C'. We

get 1:j:@/—%+2+C’:j:\/5. Thus C' =1 and we choose “+47. Soy:\/—%—i—x—i—l.

To aid in making a sketch of this, we might compute its zeros. These occur just when
2 L2 4+1=0,o0r

—14+/1-4(-1/2)(1) -14++3 _
- 1) = — =1+V3~ 07,27

T

Also, we note that (0,1) and (2, 1) are on the curve. Finally, the direction field can give us
a sense of how the curve may be filled in (see figure above). O



7 o Find the integral

2
X
—d
/0 (@ — 12"

if it converges. If it does not converge, show why that happens.

Solution. Note that the denominator equals 0 when 22 —1 = 0, or x = £1. So there is one
discontinuity between the limits of integration, namely at £ = 1. Then

provided that both limits exist. Otherwise, the integral diverges. To determine whether
these limits exist, it will be useful to find the indefinite integral [ ﬁ dx, which can be

done using substitution. Let u = 2% — 1. Then %“ = xdz, and we obtain:

/ x p 1 du
——dx — -
(22 —1)2 u? 2
-1
T 2u
-1
= C
22 —1) "
Thus,
oo —1 1
li ———dr = i
ety Ao PR S DT T Y
= o0
So, the integral diverges. m

8 ¢ Find the Taylor series for
1 2( T —z)

—x“(e’ —e

2

around z = 0. What is the coefficient of "7 What is its radius of convergence?



Solution. Recall that e® =" fL—r,L with radius of convergence R = oco. Thus,

1 T -z _ 1 ooxn G (_x)n
g7 (=) = 5”32( P DR )

The coefficient of 2" is 0 if n is even or 1, and otherwise it’s given by 1/ (”T_S) I. The radius
of convergence is R = 00, as the radius of convergence for the e* series is oco. O

.1
nz+1

9 ¢ Consider the series

i) Use the limit comparison test to show that the series is convergent.

ii) Determine whether

to| 3

=1
gzln2+1§

is true or false by comparing the series to an integral from 0 to infinity.

are both

Solution. (i) The series Y -5 is a convergent p-series. The series Y & and )
series with positive terms, and

2+1

1 2
. -~ onc+1 1
lim ”1 = lim =liml+—=1
n—oo 7L2_+1 n—0o0 ’)’L2 n—oo n2

Thus, the limit comparlson test guarantees that > °° converges too.

n=0 n2+1
is a continuous, positive, decreasing function on [0, 00),

> 1 < dr
< < | 2
—;n2+1—/0 22+ 1

(ii) True. Since 2+1




But this integral is simply:

/°° dx B
o 2241

I/\
S

Thus 0 < Z

10 ¢ Find the Maclaurin series for

. / todx
lim
t—o00 0 ]j2 —+ 1

tlirglo [tan’l (x)] é

/2

T CoST — sinx.

and use that to find the limit

T COST —sinx

ilir(l) x3
Solution. Recall that cosz =", % and sinx =Y 7 % Thus,
0 —1)g2ntl —1\ng2ntl
rcosr —sinxr = Z[( )"z —( )"
— (2n)! (2n+1)!
B i (_1)n(2n+ 1)x2n+1 . (_1)nx2n+1
- = (2n + 1)!
B i"’: (—=1)"z? 1 (2n 41— 1)
& (2n +1)!
L C
—~  (2n+1)!
So
rcosx —sinx i 22
x3 N = 2n + 1
_ (=1)(2)2%  (1)(2-2)2”
T - R
As power series are continuous in their intervals of convergence, and this one has R = oo,
we see that
i FCOST —sinz =2 o0t0+.
z—0 3 3!
B 1
3



11 e Find the radius and the interval of convergence of the power series

o :Cn
—1)"
Z( ) 2" Inn
n=2
Solution. First we use the Ratio Test to determine the radius of convergence.
(—=1)"Hgntt o 27nn 1 Inn 2] 1| |
. == | — =|x
2t In(n+1) (=1)mz"| 2In(n+1) 2
Thus, R = 2.
To determine the interval of convergence, we must check the endpoints x = —2 and x = 2.
First, consider x = —2. The series becomes
; 2“ ln n Z 111 n

which diverges by the Comparison Test, since 0 < % < ﬁ and ) 7, = L diverges. Now
consider x = 2. The series becomes

o n2n o (_1)n
Z 2"1 ; Inn

n=2
which converges by the Alternating Series Test, since ﬁ is a decreasing positive sequence
with limit 0. In conclusion, I = (-2, 2]. O

12 ¢ Use the power series method to find the general solution to

y// — a:2y

Then, find the solution to the initial value problem y(0) = 1,¢'(0) = 5.

Solution. Suppose y =Y c,x"™. Then

y' — 2ty = Z(n +2)(n+ 1)cppox™ — Z cpr"
n=0 n=0

o0
= 2¢y9 + 63w + Z [(n+2)(n+ 1)chre — chz] 2"
n=2

= 0



So

Co 0
cC3 = 0
Co
C f— —_—
4 4.3
&1
cs = —
> 5-4
Cg — 0
Cr = 0
Cy Co
C =
® 8-7 8-7-4-3
Cx C1
Cog =

9.8 9.-8.5-4

Thus

4an

00 T oo x4n+1
y==ao (1+;(4n)(4n_1).....8.7.4.3>+Cl <$+;(4n+1)(4n) ----- 9-8~5-4>

If y(0) =1, then ¢q = 1, and if y/(0) = 5, then ¢; = 5. In this case we get

an

T <1+Z(4n)<4n_1) """ 8'7‘4'3>+5<x+;(4n+1)(4 )-----9~8~5-4>

n=1

13 @  Solve the differential equation
y// +y/ . 6y — 4(132696 =+ e %

Solution. First we solve the corresponding homogenous equation 3" + ¢ — 6y = 0

r+r—6=0
(r+3)(r—2) =0
r=-—-3orr=2

Yo = C1€75% 4 cpe®

This doesn’t conflict with 42%e® + ™%, so we may try

Yp = (Am2 + Bz + C’) e’ + De™*



Then

(2Az + B)e" + (Az* + Bz + C) " + —De™*

(Az? + [2A+ Blz + [B+ C]) " + —De™*

Yy (2Az + 2A+ B]) " + (A2* + 2A+ Blz + [B+C]) e* + De ™"
( )
(

Az® +[4A+ Blz + 2A+ 2B+ C]) e* + De™*
[A+A—6A]z* + [4A+ B+2A+ B — 6B]x
+2A+2B+C+B+C—-6C])e*+[D—D—6Dle”
= (—4A2*+[6A— 4Bz + [2A+ 3B — 4C]) €* + —6De ™"
= 42" e °

Yy + v, — 6y

It follows that the following equations should be satisfied.

—4A =1
6A—4B =0
2A+3B-4C =0
—6D =1

From the first of these we get A = —1. Then from the second we get —6 — 4B = 0, so
B = —% = —%. Now, from the third equation, we may obtain —2 — % —4C = 0, so that
—4C = % + %, and C' = —%. Finally, from the fourth equation we obtain D = —%. Thus,

— —$2—§$—1—3 ex_lefx
Y = 2" 78 6
So the general solution is
= Yo+ Yy = 16" + cpe® + —$2—§x—1—3 ex—le_x
Y=1Yc yp — t1 2 9 8 6
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