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Closed Books and Closed Notes
Answer Both Questions

Question 1
A Particle on a Moving Plane Curve
(25 Points)

As shown in Figure 1, a particle of mass m is attached to a fixed point O by a linear spring of
stiffiness K and unstretched length £, = 0. The particle is free to move on a plane curve which
is given a vertical oscillation Acos(wt). A vertical gravitational force —mgE, also acts on the
particle.
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Figure 1: Schematic of a particle of mass m which is attached to a fired point O by a spring and is free to move
on a plane space curve. A wvertical gravitational force —mgEs acis on the particle.

The following coordinate system and its associated covariant basis vectors are used to describe
the motion of the particle:

¢ =z, g=y-h{z), =2z (1)
(a)(5 Points) What are the covariant basis vectors associated with this coordinate system?
(b) (5 Points) What are the contravariant basis vectors associated with this coordinate system?

(c) (5 Points) What are the constraints on the motion of the particle? Give a prescription for,
and a physical interpretation of, the constraint force enforcing this constraint. In your solution
assume that the curve is smooth.

(d) (5 Points) What are T and U of the particle? Why isn’t T + U conserved during a motion
of the particle?

(e} (5 Points) Show that the equation of motion of the particle is
m (14+Hh) &+ mh'h'a* = —mh (g - Aw? cos (wt)) — K7 2)

where h' = % and h" = %. For full credit supply the missing term.



Question 2
A Particle on a Smooth Surface of Revolution (25 Points)

As shown in Figure 2, a particle of mass m is free to move on a rotating surface of revolution
2 f{r). The surface is rotating aboul a vertical axis with a speed 2 = Q{1).
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Figure 2: Schematic of a purticle of mass m which is moving on « surface of vevolution in EY under the influence
of a gravitational force  myE;.

To establish the equations of motion for the particle, the following curvilinear coordinate systein
is defined for E*:
-2 2zt SlezmEy ik .
¢ =r q¢=0 ¢=p=z:-fr) (3)
In your answers, please make use ol the results on cylindrical polar coordinates on Page 3.
(a) (5 Points) Show that the covariant basis vectors ag for this coordinate system are
’
a; = e, + [ Ey, a» = rey, ay = By, (4)
I g .
where f = %f C'ompute the matrix e
(b} (5 Points) Show that the contravariant basis vectors for this system are
1 .
. D 2 1y
a' =1, a” = -ep, at =77, (5)
5
For full credit, supply the missing terms.
(c) (10 Points) Suppose that the particle is moving on the simooth surface of revolution z = f(r)
under a gravitational force —mgE;s. Show that the differential equations of motion are
oy L Y e ' d. 9 h .
m{L+ ff)iF mrd”+777 mygf, i mr-f) = 0. (6)
{12
For full credit, supply the missing terms.
(d) {5 Points) Answer either (i) or (ii):

(i) Show that the total energy E and the angular momentum Hp - Ey of the particle are
conserved during its motion on the surface of revolution.

(i1) For the specific f(r) shown in Figure 2, what are the equilibria of the equations (6) and
why are there infinitely many of them?
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Notes on Cylindrical Polar Coordinates

Recall that the cylindrical polar coordinates {r,, 2} are delined using Cartesian coordinates
{o ~ry,y - e,z = a3} by the following relations:

. . o
7 \/ff taz, 0 ;u'('t:m(l_ ) , 2=y
£y

In addition, it is convenient to define the following orthonormal basis vectors:

e, cos(#)  sin(f) 0 E,
ey sin{?) cos(@) 0 E,
E, 0 0o 1| B

Figure 3: Cylindrical polar coordinates

For the coordinate system {r, 6, =}, the covariant basis vectors are
a = e,., as = Tey , ay = E;,.
In addition, the contravariant basis vectors are
. i )
)
a] e, a’ €y, a‘} EZI-
The gradient of & fanction u(r, 8, =) has the representation
du u 'l i

Vi = ar S + a0 + T:'E:l-

For a particle of mass m whicly is unconstrained, the lincar momentum G, angular momentun
Hy, and kinetic energy T ol the particle have the representations
Qs A
G = mia; +mba, +mziay,
. ) ’ y
Hy = —mrzfle, +m(zr -~ ri)ey + mrtE,,
My R
T = (4042
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