Math 16A First Midterm 25 Sep 2008

NAME (1 pt):

TA (1 pt):

Name of Neighbor to your left (1 pt):

Name of Neighbor to your right (1 pt):

Instructions: This is a closed book, closed notes, closed calculator, closed phone, closed computer,
closed network, open brain exam.

You get one point each for filling in the 4 lines at the top of this page. If you are sitting next
to the steps or the wall, “steps” or “wall” are acceptable answers for the last 2 lines. Fill in these
lines, and then wait for us to tell you to turn the page and start.

All other questions are worth the number of points shown. You may only use techniques in the
book through the end of Section 1.6 in order to solve the questions. For full (or partial) credit you
need to show your work. You may of course check your answers using any other facts you know.

Write all your answers on this exam. If you need scratch paper, ask for it, write your name on
each sheet, and attach it when you turn it in (we have a stapler).

At the end of the exam, you must line up and turn in your exam personally to your Teaching
Assistant. Have your photo ID out so that the Teaching Assistant can look at it. You must have
your photo ID in order to turn in your exam.
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Question 1.) (15 points) Mark the following statements ”True” or ”False”.
(DO NOT GUESS: -2 points for each wrong answer!)

(a) %(21‘2) =2

Answer: False

(b) The lines x + 2y = 8 and 4z — 2y = 12 are perpendicular.
Answer: True.

©) () = S b

Answer: Fualse.

(d) The curve y = 223 — z has a tangent line parallel to z +y = 1.
Answer: True.

(e) £(122% + 42 +5) = £ (1222 +42) +5

Answer: Fulse.



Question 1.) (15 points) Mark the following statements ”True” or ”False”.
(DO NOT GUESS: -2 points for each wrong answer!)

(a) The lines 4x + 2y = 8 and 2z — y = 7 are parallel.
Answer: False.

de_ 8y y_gd( |y

Answer: True.

(c) The curve y = 323 — 322 + 7 has a tangent line parallel to y = 8.
Answer: True.

(d)£(3%) =6

Answer: False.

(e) L(83 + 15t +7) = L (83 + 15t) + L(7)

Answer: True.



Question 1.) (15 points) Mark the following statements ”True” or ”False”.
(DO NOT GUESS: -2 points for each wrong answer!)

(a) L (443 + 7t2 — 15t) = L (4¢3 + 7t2) — 154 (1). T
Answer: True.
(b) (%) = 3. T

Answer: False.
(c) The curve y = 42% — 522 + 32 + 7 has a tangent line parallel to 3y = 9z + 7.T
Answer: True.

d 9x+18 _(d d z+2
(O (st = (£0) (£ (erate)): T
Answer: Fualse.
(e) The lines 3z +y =5 and = + 3y = 7 are perpendicular. T

Answer: False.



Question 2.) (16 points) Compute the following limits. You may only use techniques from Chapter
1.

11
(b) lithQ 427?

22 —z—1

(c) limz— oo e —

(d) lim,_. 2y°+5y+2

y2+3y+2
Answer:
(a)
25 — 25 — 5
o BT _ (25— 2)(VE+5)
=25 \/x —5 2—25 (y/r —5)(\/r+5)
. @2b=-x)(Vz+5) _
= z—25 = Jig — (Ve +5) = —10
. i 45— o= . - :
(b) limy_o 42_2215 = lim;_,9 455612_’;3) = lim;_,9 #Et) = lim;_,9 _%lt = —%
() limy oo Z22d = lim, o o = 22020 _
T——00 2249 Z——00 1+%_x% — 140-0 T
. 22 45y+2 _ 1. W+ (Q2y+1) _ 1. @y+1) _
(d) llmy_>_2 m = hmy_>_2 m — 11my—>—2 (y+1) -



Question 2.) (16 points) Compute the following limits
1.

. You may only use techniques from Chapter

(a) lim,__p &5
(b) lim;_4 ¥=2
. 2_y—2
(C) hmy_,_]_ %
(d) lime— oo 5
Answer:
. i+ 1. 6r(g+) 1 2 .
(a) lim,_,_o Sa =lim, o 7gx(6x+?’2) = lim,_,_» 76553(3;-)2) = lim,_,_9 6% — _%
(b)
V-2 (Vt —2)(Vt +2)
lim = lim
t—4 4—t =4 (4—t)(VE+2)
i t—4 i — 1
=lim—————— =lim—-«— = —=
T R R OV TR
. 2_4y—2 . +1)(y—2 . —2
() Timy .y % = Ty G = iy 2 =1

1 2
3titis 34040 _ 3

1 9 T 92— -
2_?4_72 2—040 2

324142
2t2—t49

(d) limt_>_oo

= hmt—> —00



Question 2.) (16 points) Compute the following limits. You may only use techniques from Chapter
1.

2—Tx—2a>
3—x+9x2

: t24+2t—3
(b) lim; . 3 2t2—:—7t+3

(a) limg—

(c) limy 3 —3i8
T—3 T340

(d) lim, .16 - L

4—\/x
Answer:
2 7
(a) lim 2-To—22 _ |0 22z 72 _0-0-2_ 2
T——00 3—z+922 T—=—o0 8 %+9 —0-0+9 T 9
T

. 249t-3 _ 1. t+3)(t—1) _ tl)_
(b) lim 3 2tt2—:7tt+3 = limy— 3 % limg . 3 ((2t+1)

1 1 1 1
. —5=t3s 9z(—5-+3)
() lim, 3 =32 = lim, 3 —p 09> =

(d)

(=3+z) _ 33
2(32—9) limy 3 5mp—gy = liMa—3 575>

— 1
3 — limg 3 577 = 5

—

o x—16 i (x —16)(4 + /)
=D VE)
r—16)(4 4+ vx) ~ lim (44 v7) =

x—16 16 — x T 216




Question 3.) (15 points) Compute the following derivatives using only methods of Chapter 1.
d (2t)°
(a) & <t5(3t8+4t)t*1>

Answer: % (%) = % (m) = C‘lit (ﬁ) = % (8(3t +4*)~1) = —8(3t +
442)72(27t% + 8t)
(b) f (42— )"°
Answer: 4 (4t — %)5/6 =3 (4% - %)%1 (8t + &)
(c) f'(1) where f(t) = 2t(2Vt3 — 5t=%/%)
Answer: f(t) = 2L(2VB—5t72/5) = 4¢3 —10t5 so f'(t) = 10t2—6t5 and f/(1) = 10—6 = 4



Question 3.) (15 points) Compute the following derivatives using only methods of Chapter 1.

@) % (i)
Answer: d% (m) = % <y3?5§/i3)> = % (yffgy) = d% (32(y* + 3y) ') = —32(y*+
3y)"*(4y° +3)
() & (5 -5)""
Answer: 5 (4= §)"* =4 (5= §)"* (37 -3)
(c) f/(1) where f(y) = 2y(2y*/* + )
=2

y(29*2 + &) = 4% +12y72 so0 f'(y) = 10y — 24y~3 and f'(1) =

Answer:  f(y)
10(1) — 24(1) = —14



Question 3.) (15 points) Compute the following derivatives using only methods of Chapter 1.

1) (22)2
(a) & <£5€(Z:(4+l))

1) (2z)2
Answer: % <£§();Url)> = % (%) = % (ﬁ) = %(4(1‘5 + 22)7h = —4(25 +
22)72(5x* + 2x)

(b) & ((z+2Va%)12)

Answer: % ((a: + 2\/3?)—1/2) — _% (x 4 295%)7 (1 + 33;%)

(c) f'(1) where f(x) (23?4 3273/2)

=3y
Answer:  f(z) = 32 (x%/? + 3273/2) = 323 + 923 s0 f(x) = 55 — 1223 and () =
5(1) — 12(1) = —7

10



Question 4.) (14 points)

(a) Starting with the definition of the derivative as a limit, differentiate f(x) = ﬁ (using only
the rules for limits from Chapter 1.)
Answer:
1 1 Ve ath
f/(fL') — lim Vz+h \/> — lim \/va+h \/5\/:24*
h—0 h h—0
L VE-VaEh e T VE+VETT
hﬁo hy/x/x +h  h=0 hy/z\/x+h Jr+Vx+h
_ v (2 +h) o
] hy/xvx + h(y/x + Va + h) = Vava 4+ h(yz 4+ Vo +h)
—1
T 9,372

(b) Find the best linear function y = ma + b that approximates f(z) = ﬁ near the point z = 1.

Use this approximation to estimate f(1.1). Note: Your answer should not be \/%

Answer: From the first part, f'(1) = 5t. So the best linear approzimation is y—1 = St (z—1)
ory = %133 + % Letting x = 1.1, we have f(1.1) ~ .95.

11



Question 4.) (14 points)

(a) Starting with the definition of the derivative as a limit, differentiate g(t) = 2t~/? (using only
the rules for limits from Chapter 1.)

Answer:
2 %[ \/\/i . \[\/tJrh
/ _ 1 t+h t -9 1 tvt+h tvt+h
g () hli% h hli% h
oo YIS VIR VE-VERRVELVEER
W0 VIR bt Vit h Vit vVith
. t—(t+h) . ~1
= 2lim =2 lim
h—0 hy/tVE+h(VE+VE+R)  h=0VEE+R(VE+VE+R)
-1
= t?’?

(b) Find the best linear function y = mt + b that approximates g(t) = 2¢t~'/2 near the point t = 1.

Use this approximation to estimate ¢g(.99). Note: Your answer should not be \/%.

Answer: From the first part, g'(1) = —1. So the best linear approximation isy—2 = —1(t—1)
ory = —t+3. Letting t = .99, we have ¢g(.99) ~ 2.01.

12



Question 4.) (14 points)

(a) Starting with the definition of the derivative as a limit, differentiate y(s) = 313/2 (using only
the rules for limits from Chapter 1.)

Answer:
3 _ 3 Vs sth
y'(s) = lim Vsth VS _ gy VEVEEh  VsVsth
h—0 h h—0 h

Vi Vath . V- VsERyEtVaTh

= 3= h/svs £ h b0 h/svsth s+ vVsth
B s—(s+h) -1
R N e e T Y ey s R e SNy YRV
32
$3/2

(b) Find the best linear function y = ms + b that approximates y(s) = 81% near the point s = 1.

Use this approximation to estimate y(1.1). Note: Your answer should not be \/%

Answer: From the first part, y'(1) = % So the best linear approximation is y—3 = —%(5—1)
ory = —7S+45 Letting s = 1.1, we have y(1.1) ~ 2.85.

13



Question 5) (16 points) Let C; be the graph of the curve y = 2% + 1, and let Cy be the graph
of the curve y = —222 — 2. Find constants m and b so that the straight line y = max + b is tangent
to both C7 and Cy. Hint: the line will intersect C; and Cy at two different points called (x1,y1)
and (x2,y2). Try to find these points. Note that there are two different tangent lines, and so two
possible correct answers; either one will do.

Answer:  We have y; = $% + 1 since (z1,y1) is on C1, and m = 2x;1 since the line is tangent

to Cy at (w1,y1) and has the same slope as Cy there. Similarly, yo = —2x3 — 2 since (v2,y2) is
on Co, and m = —4xo. Thus we have three expressions for the slope m: 2z, —4xs, and %
2x1 = m = —4xg tmplies x1 = —2x2, Y1 = x% +1= 4x§ + 1, and
y1—y2  (dxi+1)—(—222-2) 623+3 2221
—4x9 =m = = = =
Tr1 — T2 —21’2 — T2 —31’2 T2
Multiplying the last equation by o yields —4x% = —222 — 1 or 23 = % There are two possible

answers.
First, we could take xo = \/g Then 1 = —2x9 = —V/2, yp = —230%—2 = -3, andy; = 23+1 =
3. Thus m = 2x1 = —2\/5, and the equation of the line is y —y1 = m(x —x1) ory = 22z — 1.
Second, we could take xo = —\/g. Then x1 = —2x9 = /2, Yo = —2$§ —2 = -3, and

= x% +1 =3. Thus m = 2z, = 2v/2, and the equation of the line is y — y1 = m(x — x1) or
Y= 2v/2x — 1.

A plot of C1 and Cs, along with the two tangent lines, is shown below (this was not required as
part of the answer, but helps explain it).
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Question 5) (16 points) Let G be the graph of the curve y = 2t? + 2, and let Go be the graph
of the curve y = —t2 — 1. Find constants m and b so that the straight line y = mt + b is tangent
to both G; and G9. Hint: the line will intersect G; and G2 at two different points called (t1,y1)
and (t2,y2). Try to find these points. Note that there are two different tangent lines, and so two
possible correct answers; either one will do.

Answer:  We have y; = 2t2 + 2 since (t1,y1) is on G1, and m = 4ty since the line is tangent

to G1 at (t1,y1) and has the same slope as Gy there. Similarly, yo = —t3 — 1 since (t2,y2) is
on Ga, and m = —2ty. Thus we have three expressions for the slope m: 4t1, —2ts, and %i:?;

4t1 = m = —2ty implies to = —2t1, ys = —t% —1= —4t% —1, and

Aty =m = LTY2 (212 +2) — (—4t2 — 1) _ 6t2 + 3 _ %2 + 1
t1 — to t1 — (—21‘;1) 3t t

Multiplying the last equation by t1 yields 43 = 22 + 1 or t3 = % There are two possible answers.
First, we could take t1 = \/g Thenty = —2t1 = fﬂ, Yy = 2t%+2 =3, and yo = ft%fl =-3.
Thus m = 4t; = 2v/2, and the equation of the line is y — y1 = m(t —t1) ory = 2v/2t + 1.
Second, we could take t1 = —\/g. Then ty = —2t1 = \/57 Y1 = Qt% +2=23, and y3 = —t% —-1=

—3. Thus m = 4t; = —2+/2, and the equation of the line is y — y1 = m(t —t1) ory = —2/2t + 1.
A plot of Gy and G2, along with the two tangent lines, is shown below (this was not required as
part of the answer, but helps explain it).
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Question 5) (16 points) Let O be the graph of the curve z = —y? — 4, and let Cy be the graph
of the curve z = 2y? — 1. Find constants m and b so that the straight line z = my + b is tangent
to both C and Cs. Hint: the line will intersect C; and Cy at two different points called (y1, 21)
and (y2, 22). Try to find these points. Note that there are two different tangent lines, and so two
possible correct answers; either one will do.

Answer:  We have z1 = —y% — 4 since (y1,21) is on C1, and m = —2y; since the line is
tangent to Cy at (y1,21) and has the same slope as Cy there. Similarly, zo = 2y§ — 1 since (y2, 22)
is on Cy, and m = 4ys. Thus we have three expressions for the slope m: —2y;, 4ys, and ﬁ

—2y1 = m = 4yo implies y1 = —2y2, 21 = —y> — 4 = —dy2 — 4, and

g = L7 22 (A=) — (25— 1) —bys -3 2541
y2 =m = = = =
Y1 — Yo (—2y2) — y2) —3y2 Yo

Multiplying the last equation by yo yields 4y5 = 2y3 +1 or y3 = % There are two possible answers.
First, we could take ys = \/g Theny; = —2ys = —V/2, 21 = —y?—4=—6, and zp = 2y5 — 1 =
0. Thus m = 4ys = 2/2, and the equation of the line is z — zo = m(y — y2) or z = 21/2y — 2.
Second, we could take yo = —\/g. Then y1 = —2ys = \@, 21 = —y% —4 = —6, and z9 =
2y2 —1 = 0. Thus m = 4yy = —2v/2, and the equation of the line is z — zo = m(y — y2) or
2= —2V2y — 2.

A plot of C1 and Ca, along with the two tangent lines, is shown below (this was not required as
part of the answer, but helps explain it).
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