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1) Thermodynamic identity (5 points)
Write down the thermodynamic identity*(i.e. the full differential with the appropriate
macroscopic thermodynamic variables) for the energy U and the free energy F=U-to.

d) = Tdo— pdV +uda) = ;rds —pdV wuda)
47 = —gde —pelvVtadas = — SelT—pelV tutels/
What the natural independent variables to use with U and F?
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2) Temperature, pressure and chemical potential of an ideal gas (15 points)

Consider an ideal gas of indistinguishable N spinless particles in a volume V and total
encrgy U. Using our prescription of the number of spatial quantum states per unit phase
space volume, integrating in momentum space on the hypersphere where the total energy
is U, and keeping carefully track of the numerical coefficients, we can compute the
number of states and therefore the entropy at equilibrium. For large N
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Calculate

a) (5 points) the temperature of the ideal gas we consider
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What is the average kinetic energy per molecule?
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b) (5 points) the pressure
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Check that you indeed get the ideal gas law. ?\/—_; LT

¢) (5 points) the chemical potential
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Describe in words how does the chemical potential depends on the
concentration N/V at constant temperature?
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3) One dimensional gas (15 points)

We consider an ideal gas of N indistinguishable particles in one dimension. They are
contrained in a deep potential well (a “box”) of width L. There are in equilibrium with a
heat bath at temperature .
a. (7 points) Using our general result on the number of spatial quantum states per
unit phase space volume, show that the partition function is
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b. (5 points) Compute the mean energy U and the Helmoltz free energy F of the
system

a /48
e Lo B4
2= &) T T J:?H;L)




A
S

A

,.:CL&Z‘, = -—c)(a}i(mﬁ f% L”}

What is the kinetic energy per particle? <
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¢. (5 points) How would you define the equivalent of the pressure for such a
one-dimensional system?
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What is the equivalent of the law of i1deal gases?
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4) Minimization of the free energy for a system at a given temperature (15 points)

Consider a system at equilibrium at the temperature . The probability of state i is of
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We disturb the system so that it is distributed over its accessible states in accordance to
an arbitrary probability distribution p, , which stays normalized. We define the
(Helmoltz) free energy F as

F=U-tvowithU = Exesps
where s is the entropy of the p, probability distribution and want to compare it with the
equilibrium free energy

with
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a) (5 points) Show that

)=—"-logZ
. 2 - ¢
= Podog (1) =2Prfﬁ°a—(§")} =Zh(-2) -Fps by 2
= L TRE - (Tpdgz = - —doyz
b) (5 points) Show that
F-F°=-TZPS log(p;))

(Hint: replace F’ by its value in terms of log Z ).
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¢) (5pts) Using the fact that
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show that F = F°, with the equality being only obtained if ps= p?; for all s. At equilibrium
at constant temperature, the free energy i1s minimized!
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