EFE 20: Structure and Interpretation of Signals and Systems

Final Exam
3:00 - 6:00, May 15, 2014

Instructions:

e There are seven questions on this exam. Answer each question part in the space below
it. You can use the additional blank pages at the end for scratch paper. Do NOT
write answers on the back of any sheet or in the additional blank pages.
Any such writing will not be scanned in to Pandagrader, and will NOT be
graded.

e The approximate credit for each question part is shown in the margin (70 points total).

e This exam will be graded out of 60 points (hence, there are effectively 10 points of
extra credit). The 10 points which I think are most challenging are marked with a “x”.

e You may work on the problems in any order.
e You can use any facts from lecture without deriving them again.

e Nonc of the questions require a very long or complicated answer, so avoid writing too
much! Unclear or unnecessarily long solutions may be penalized.

e You may use one double-sided sheet of notes. No calculators are allowed (or
necded).
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For official use — do not write below this line!



1. (Concept Questions — 10 points)

a) (1 point) Suppose the discrete-time unit-step function u(n) is input to a LTI system
and y(n) comes out. What is the impulse response of this system in terms of y(n)?

h(n) = &L@,\S,gj(“-.\)

[since B = W) - ufm) )

b) (1 point) Consider the function

sin(7 ft)
nft

Sketch a plot of the Nyquist samples (i.e., the discrete-time signal that results from

sampling «x(t) at the Nyquist rate).
Sompled Symal = J(n).

¢) (1 point) Find the simplest expression for the signal z(t) defined by:

k=-00

(Hint: Don’t try to simplify directly. Where have you seen a sum like this before?)

x(t) = sine(n ft) =




d) (1 point) Suppose we sample a sinusoid z(f) = cos(1007t) at rate f; samples/sec,
and pass the resulting samples through an ideal interpolator (corresponding to
the same f;). If the signal that comes out of the ideal interpolator is given by
Z(t) = cos(10mt), what was f,? If there is more than one possible answer, give the
largest one.

- é)/ Hz-_; = wcl 'IPS ‘_2__'_:? Zn [§+k£)

frédx = SO+ kL

For b
;2:4 71’ k=-1 = _’[s‘: 5’5"//2_' will Al ’4f<f7’l>’l

e) (3 points) Given a continuous time signal z(#) with spectrum X(w) = 0 for |w| >
2w B. Dctcrmine the Nyquist rate for each of the signals
) vi(t) = (t)
i) yolt) = ~L2(t)



f) (1 point) A continuous-time periodic signal is sampled above the Nyquist rate to
obtain a periodic discrete-time signal y(n). Is it most appropriate to use the DFS,
CTFS, DTFT, or the CTFT to find the frequency-domain representation of y(n)?
Why?

y(n) i5 QT ’q' fe:@fﬁc = we [DFs

g) (2 points) A continuous-time periodic signal z(t) with period T and Fourier series
coefficients Xx = (1/2)* for k = --- = 1.0,1,..., is input to a LTI system with
frequency response H(w).

i) Is the output signal y(t) periodic? Circle one: @ or NO

ii) Write the frequency-domain representation of y(t). (Use whichever is most
appropriate: the CTFT or the CTFS.)
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2. (Edge Detection — 12 points) In computer vision and related applications (MRI, text
recognition, etc.), we often want an algorithm that automatically detects edges in an
image. Unfortunately, edge-detection is a nonlinear operation in general. However, we
can implement an edge-detector by using linear filters as building blocks.

a) (1 point) First, consider finding the edges in a 1-D signal. For the signal z(t) shown
below in Figure 1, a signal indicating its “edges” is also shown. In one sentence,
explain why edge-detection is not a linear operation.

z(t)

\ /—\/_

edges of x(t)

Figure 1: Edge dctection in a 1-D signal.
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b) (3 points) Consider a discrete-time filter with impulse response

-2 n = -1
h(in)=¢2 n=1
0 otherwise.

Find and sketch the magnitude of the frequency response H{(w) for this filter.

H(“’) = Z/x Z‘[.eiw+ e-'?;w"’

—-7‘( zt

- 20 27
¢) (2 points) Using h(n) from part (b), sketch (z * h)(n) for
1 0<n<H .
0 otherwise.
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The Shepp-Logan Phantom is shown below in the left image. This is a simple
test image that serves as a model of the human head, and is widely used in the
development and testing of biomedical image processing techniques. We will design
an edge-detection algorithm that will generate the image on the right. Note that
black in our images represents small numerical values and white represents large
numerical values.

o)

(Shepp-Logan Phantom) (The Phantom'’s Edges)

d) (4 points) In order to detect the Phantom’s edges, we will use a 2-D variation of
the filter in part (b). Specifically, we will consider the matrices

-1 0 1 -1 -2 -1
D1=| -2 0 2 D2 — o 0 0
-1 0 1 1 2 1

If Pis a 512x512 matrix corresponding to our image of the Shepp-Logan Phantom,
match the commands below to the images they produce (see next page):

e imgl = 1/2 + conv2( D1 , P ) produces image oL .
e img2 = 1/2 - conv2( D1 , P ) produces image A .
e img3 = 1/2 + conv2( D2 , P ) produces image b

e imgd = 1/2 - conv2( D2 , P ) produces image L .

(Hint 1: Recall from lab that conv2(A, B) performs 2-D convolution of matrices A
and B.)

(Hint 2: Make sure your answer is consistent with what you expect from part (c).)
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e) (2 points) Using imgl, img2, img3, and img4 as defined from part (c), which of the
following commands produces a matrix corresponding to the “Phantom’s Edges”
shown earlier?

- abs( imgl - 1/2 ) - abs( imgd - 1/2 )

i) 1- abs( img3 - 1/2 ) - abs( imgd - 1/2 }&—0

iii) 1 + abs( imgl - 1/2 ) + abs( imgd - 1/2 ) 6“‘\(5 Co,ntq,,; Reosin

iv) 1 - abs( iw_g;,) - abs( M}é\ QJ;LS

)
v) none of the above. > o
-\ vl Se ol g,
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3. (Upsampling, Downsampling, and Resampling - 10 points) Suppose an audio signal
z(1) is sampled at a sampling rate of f; = 45kHz. However, the device that will
ultimately play back these samples assumes the audio signal was sampled at 30kHz.
You propose a system like that shown below. The boxes with 1 2 and | 3 represent
upsampling by a factor of 2, and downsampling by a factor of 3, respectively.

y(t) y(n) ya2(n) y3(n) va(n)
x(t_)_. Filter 1 _'—> 45kHz _|. TQ _l_, Filter 2 _l, l3 __j> 30kHz
Sampler Samples

a) (1 point) State the Sampling Theorem.

I'F 7((6) ﬁ;,.)/;‘ﬂ.,ko! "{v @ Hg} ’,7L o
6@ Vécovereo’ fFroM jan)o/e-s 71"‘1'901 A‘f fa)le 74725,

b) (2 points) What is the purpose of Filter 17 Sketch what the ideal frequency response
H\(w) should look like for this filter (you do not have to worry about practicality).

O( "l\k - C\J‘k‘gﬂj

R 225 Wy
‘ t



y(t) y1(n) Ya(n) y3(n) ya(n)

z(t) l ‘ I ‘ ‘
) L Riter1 | ] 45KHz LV 4y | pigero [ |3 | S0kHe
Sampler Samples

¢) (3 points) Assuming the spectrum of z(t) is as shown below, sketch the spectrums
for y(t), y1(n), and y»(n) on the axes supplied. Assume Filter 1 is as you specified
in part (b). Make sure to label the axes.
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Ca(t)

y(t) hn (n) y2(7’l) ’,I/;;(’Il) y4(n)
Sampler

Samples

d) (2 points) Filter 2 is used to prevent aliasing in the downsampling block. Sketch
what the ideal frequency response Hy(w) should look like for this filter (you do not
have to worry about practicality).

4>Hz(w)

¢) (2 points) Sketch the spectrums for ys(n) and y,(n) on the axcs supplied. Assume
Filter 2 is as you specified in part (d). Make sure to label the axes.

Ya(w)
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4. (Composition of LTI systems — 10 points)

a) (4 points) Suppose two LTI systems are connected as shown below. What is H(w),
the frequency response of the entire system?

z(t

‘)Ti jj(t)
F(w) G(w)

11



b) (1 point) The system below implements a 6-point moving average. True or False?

x(n) 2_point 3-point q(n)

—> . —>> . S
moving average moving average

¢) (2 points) A k-point moving average filter has an impulse response h(n) = 1/k for
0 < n < k-1, and h(n) = 0 otherwise. Sketch the impulse response for the system

in part (b).
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d) (3 points) If h(t) = e *u(t), what is the overall impulse response and frequency
response for the cascaded system below? Show your work for full credit.

x(t) o y(t)

- '3(£“") -3t
c & 47
o 4
.
o dv - gt
0
- liapolse vesporse 3t
e v ult)
3t ) i
() —= B¢lw
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5. (Fun with analysis and synthesis — 9 points) Recall that a signal z.(t) is even if z(t) =
z.(—t), and z,(t) is odd if z,(t) = —x,(—1).

a) (1 point) By working directly with the analysis equation, show that if z() is a real
even function of ¢, then

X(w)=2 /ooo z(t) cos(wt)dt.

- 3

1wt , —wt
Xﬁu)a /7(('{;)6 GJ{: /;((e)el OH + \/7\(/«)6 0p’(‘ 2 )(/'6)(4 f)a’é
- 00 (]

] “K(¢)
o

b) (1 point) By working directly with the analysis equation, show that if z(¢) is a real
odd function of t, then

X{w) = —2i /000 z(t) sin(wt)dt.

Wi a g |
= ﬁ((t) Sat /i e -1, _ -
- } Je ol 7(“)“’ 6“ = =23 [xit)sinfrot)edt
o —X(t) |

¢) (2 points) Use the previous two parts to prove the following: If z(t) is real and
even, then X (w) is real and even. On the other hand, if z(t) is real and odd, then
X(w) is imaginary and odd.
/"\467 VJ M 1;&/"} (Q} \S fe«f £ even Lot 0
!
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d) (5 points) A signal band limited to B Hz is sampled at rate f, > 2B Hz. Define
T = 1/f, and show that

| /_ ” le()Pdt =T D |e(nT).

n=-00

Hint: For the definition sinc(z) = Si%, use the following fact: For integers m,n:

i 0 m#n
/ sinc(nWt — mn) sinc(nWt — nn)dt = { . 7
o0 w o om=n.
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6. (Impulse Response and Filtering — 9 points) Your friend takes measurements of the
water level in San Francisco Bay every 4 hours, and supplies you with the data z(n),
where z(n) is the water level recorded during measurement n. You are interested in
measuring the average water level in the bay. In order to do so, you must remove the
effect of the tide, which is sinusoidal in nature and experiences two cycles per day (i.e.,
there are two high-tides and two low-tides per 24 hour period).

a) (2 points) If A is the average water level, and ¢(t) is the deviation of the water
level from average due to the tide, write a simple system equation that relates the
measurements (n) to A and £(t). You may assume the sample x(0) is taken at
time ¢ = 0, and the units of ¢t are hours.

T=4
xln)= A LT = Al

b) (2 points) For this problem, we will consider a discrete-time system of the form

y(n) = aoz(n + 1) + a12(n 1) + apz{n — 1).
[

What is the frequency response H(w) of this system (in terms of e, a1, a2)?

(- o, a) o e
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¢) (3 points) You propose choosing ag, a1, ¢2 in a way that completely cancels out the
effect of the tide, but leaves the long-term average intact (i.e., H(0) = 1). What is
the discrete-time frequency corresponding to the tide? And, what values of ay, a;, as
’\—_—-._""—-- . . 0] am f 0"‘.’._-»‘._"7‘. » . .
would you choose to eliminate-it? (Hint: Try a simple choice for ao, a1, az and verify
it works by using the identity cos(27/3) = —1/2.)

S T
‘/9”*?'5‘ 74—;»@”1“

d) (2 points) In a stroke of bad luck, an asteroid hits the moon which! changes its
orbit and also the tide cycle. The tide now experiences six complete cycles every 24
hours. How often should your friend take measurements now so that your answer
from part (c) still works as expected?

T.Ae SFQCO?S u!? !Dj ’/;xcwtw 61[\ 3/
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7. (Linearity, Time-Invariance, and Frequency Response — 10 points)

a) (1 point) State a precise definition for a time-invariance.
A S 5+€~\ N {“Q'V\\/G\/‘MJ" -
)y 5 Teetaven 4 xX(t) +—> y&)
=~ #A0+T) > y(\u?) VY 2¢ R
b) (2 points) Consider a linear discrete time system which has output h(n) for the

input 6(n). Further, suppose that for any integer k, we obtain output h(n — k) for
input §(n — k). Show that this system is also time-invariant.

A = demsw )

ke
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L XOJR) = ey () =ahpb
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2 cos(wn) cos(wcn)

&b
o

+}y(n)

‘@_ Hy(w) &

2sin(w.n) sin(wcn)

¢) (2 points) The system shown above contains two identical discrete-time LTI filters
with frequency response Hy(w), and corresponding impulse response ho(n). It is a
linear system. Show that it is also time-invariant using the method in part (b).

F\)‘\ U\ A S (n- k) as  jugd rvctedd

= 7 cas (wc k) g(y\-k) |
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d HL\ COS(WLV\) +o ?,;,71
e NI it
Z cos(M)eul®)s o5 (4+8) v cos(4.3)
2o (a)sm(B) = cos(AB) - cos (A~B)

2 cos(w k) eos («xn) L\o(”‘) (1)
2 s (u,_k) Siv\(wcn) L\D(u-k) G)

5‘0 (l) +(2) =~ |

[/\‘,(hJ") "2 Cos (L‘)c(“ - k))
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2 cos(wcn) cos(wen)

' |

() Ho(w)

Q-

2 sin(w.n) sin(w.n)

d) (%5 points) We know the above system is LTI from the previous part. Suppose
Hy(w) is given on the interval {—m, 7] by

oy {1 1< B
=0 B<lwl <

and w, + B < 7. Find H(w), the overall frequency response of the system.

be-\e ‘H\a'\’ L\Q\): 2_ Cos(wcm) L\b(,’\) -'C,,‘ fmvro\af
povd

7R [ 00+ ) forw,)

20



