1) A) Before t=0 switch 2 is open so the lower half of the circuit can be ignoreml@agnent can flow
through it. Then by kirkoff's law we have 2V=Q/C (using Q=CV_asrcepacitor) or Q=2CV.
B) For t>0 switch one is opened and so we can ignore the upper loop of the circuit. Nowolffys law
V-Q/C-IR=0 We recognize 1=dQ/dt, rearranging this equation we hav®@6Q/(QCV), integrating
from t=0 to arbitrary t and from Q(0)=2CV to Q(t) we gefRC[In(Q(t)-CV)-In(2CV-CV)], combining the
logarithms with Indnb=Ina/b and exponentiating we get Q(t)=CV(e¥RC)+1), which matches our
boundary condition of Q(0)=2CV and limits to CV.

2) We know that the strength of the B field from the infinitiee is wI/(27r) with a direction given by the right
hand rule, where r is the cylindrical coordinates distance. As the figlgbwarspace we must consider infinitesimal
torque contributions, dt=(rxdF) where this r is the separation from the intersection of the wires, dF=IdIxB, following
the right hand rule we see that at each point along the wire dl and B are pelpeadgidwF points in the plane,
perpendicular to the wire, above the intersection the force is upwardsrawethe wire and below thHerce is
downwards away from the wire, the direction of the dt for each segment is out of the paper, and as all vectors used
are orthogonal we don’t pick up any sin factors from cross predBetause of symmetry in the magnitude and
direction of dt along the wire. | can integrate from the intersection up to one halfs end Wittiparameterize as h

L/2 hdh __  pI?L
fo hsin(6) ~ 2msin(6)
torque rxF, as h is thdasthnce from the intersection and the hsin(6) comes from 1/r in the B field. Not surprisingly
this torque diverges as the wires become very close as the field als@siverg

3) The strategy here will be identifying each infinitesimal strip at fixed 6 to be a current loop and to integrate
over the strips. If we have a current loop of radius r, current | thedidistance z above or below the axis will be in
the upwards direction defined by the direction of the current given Hyighsavart law athe integral of
dB=pl/4n(dlxr)/r"3, as dl and r is always perpendicular we don’t pick up any sin factors and the separation is

constant, by rotational symmetry of the current distribution the B field wijepr@xclusively onto the Z axis so the
2
total Bis dB *an*cos(e)% . The charge will be distributed over the sphere as Q/4nR”2 so the linear charge
2(r2+z2)2z

density will be Q/4rR”2*Rd8, each dq will be moving with velocity wRc8) if 6 opens from the XY plane, so the

Q RdBRcos(6)w. Noting now that 1"2+z"2=R"2 over the sphere and r=Rsin(0). We see

4TRZ
ZHQ_:VRZ 5 5
that the B field at the center is= 20— [/% cos(9)3dg = L& « 2
41 0 4mR 3

The h in the numerator comes from the

€ [0,L/2] and multiple the integral by 2, so= ”TIZ

currentat0is I = AV =




SOLUTIONS TO THE 7B FINAL

PROBLEM 4

As there are no charges in the region we consider, the only source of
the electric field is the changing B-field. To calculate its value, we can
use Faraday’s law:

L dvy d [ o
S

oS

In order to apply , we first have to find the direction of the E—ﬁeld,
so that we can choose the right surface S and simplify the integral.
There are several ways to do so, the simplest one is to just remember
from the lecture that the relative orientation of the E-field lines and
the change in the B-field is given by the right-hand rule, so

E = E(r)f, (2)

where we chose cylindrical coordinates with Z pointing out of the paper.
A way to derive this is to notice that for any given wire loop, & is
maximized when E is tangential to the loop. By , this happens
if the change of flux through the loop is maximal. In our situation,
this change in flux is proportional to the enclosed area, and the shape
that has a maximal area for a given boundary length is a circle (this is
known as the isoperimetric inequality).
A way to mathematically derive ([2)) is by using the infinitesimal version
of , which we can get by applying Stoke’s theorem on the integral
on the left-hand side: .
~ dB

VxE= o (3)

So by and
V.-E=0, (4)

the E-field is determined up to a global constant, which we set to zero
because we want it to vanish at infinity.
So in cylindrical coordinates centered at the origin of the circles, the
curl of the electric field only has a Z component, and thus the E field
only has a 6 component.
Yet another way to derive is by using Gauss’ law and symmetry

arguments.
1



2 SOLUTIONS TO THE 7B FINAL

To calculate the actual value of F , which only depends on r (due to the
symmetry of the B-field in z and 0), we use (1] for a disk S with radius
. We choose the orientation of S such that dA = dA - 2. Because of
and the fact that B only has a Z component, we can simplify the
integral for &:

f E-ds= f E(r)ds = E(r) 2nr. (5)
a8 a8
Now we’ll distinguish three cases:
(i) r<a
For the inner region, we have

d = o d
E-2nmr = 7 //B-dA = _BOE cos(wt)-mr? = wBy sin(wt)-7r?. (6)
S

So
E= BO% sin(wt) -0, r<a. (7)

(i) a <r < 2a:
Here, we have to make sure to include the flux from the inner
circle as well:

E-omr— -4 [BO cos(wt) - ma® — % cos(wt) - w(r? — aZ)] (8)

dt
So
. 402 2\ .
E = BO% sin(wt) <% — %) -0, a<r<2a. (9)
(iii) r > 2a: In the last region, we have to make sure not to integrate
too far:

d B
E - 2mr = % {Bo cos(wt) - ma? — ?0 cos(wt) - 7 - 3a2] =0. (10)

So FE vanishes here.

Note that E is continuous!

PROBLEM 5

For this problem, we will use the formulas for the inductance on the
equation sheet. We first have to calculate the E—ﬁeld, however. From
symmetry, it should be clear that the direction of the magnetic field is
parallel to the plates in the ¢ direction (remember the analogous argu-
ment for the solenoid). It’s confined to the interior region of the plates.
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Its magnitude can be found by using Ampere’s law for a rectangular
surface S of height h that lies in the plane of the paper and intersects
one of the slabs. Then Ampere’s law tells us that

fioIene = ]fé - d3. (11)
oS

In the present case, this gives us
B-h=ypoj-h, =B=ju-i (12)

a. For the self-inductance, we use

1 _ 1
- BI?dV = = LI>. 13
U= [ 1RV =5 13

Thus,
1 1 7 polwd
—LI? = —j5%u3 - lwd = — - 14
where we used that j = % So
wd
b. For the mutual inductance, we use that for the mutual induc-
tance M,
d
E=—-M—I 16
2 dt 1 ( )

where & is the emf induced in the second solenoid by the cur-
rent I; in the first one (it’s clear to see that this equation is
equivalent to the one on the equation sheet, but less ambigu-
ous). We know that

o d.d B d [I(t)
Thus,
TWw
PROBLEM 6

Taking the hint from the problem text, we can view the capacitor as a
collection of infinitely many capacitors in series with varying elastance
Y (r). We want to calculate the equivalent capacitance per unit length,
C'/l, which is equivalent to calculating the equivalent elastance times
the unit length, Y.



4 SOLUTIONS TO THE 7B FINAL

The capacitance of a cylindrical capacitor is given on the equation
sheet, so we’ll use that the elastance of the cylindrical capacitor at
radius r and thickness dr is given by

r+dr 1 dr 1
Yir)=log < T ) 2K (r)egl log <1 * 7) 21 K (r)egl (19)

Using the Taylor expansion for the logarithm, we can simplify this for
infinitesimal dr:

dr 1
r o 2wK(r)epl
Because elastances for capacitors in series add, we find

b b
1 dr 1 b
Yiot - [ = Y (r)ldr = — — = ———log—-. (21
ot /a (r) " \/a 27T€0K0a2 r 27T€0K0a2 8 a ( )

Y(r)= (20)

Thus, the total equivalent capacitance per unit length is

Ctot - 5 b (22)



Problem 7
a)

Plugging in 1 for G(F) gives

_ _Eo_ _EotA
1 = A(e 87 +e *57)
1
A = Eq EQtA

e kBT + e kBT

b)
Plugging in E for G(F) gives
_ _Eo_ _EotA
<p> - e kB_TEi;(EO TE[:E -
e kBT 4 ¢ kBT
Eo + (Eo + A)e 57
1+e "7

<E> =

c)
When T' — 0, the argument of the exponential is extremely large and negative, so the exponential is zero,
thus

lim < F >= Ej
T—0

At zero temperature, there are not enough thermal fluctuations to excite the atoms into a higher energy
state, so all of the atoms are in the lower energy state.
When T — oo, the argument of the exponential is 0, so the exponetials are 1. In this case,

A
lim < F>=FEy+ —
T— 00 2

At large temperatures, thermal fluctuations are large enough to make both states look equivalent. Thus,
roughly half of the atoms will be in the lower energy state and roughly half will be in the higher energy
state. Thus, the average energy is the average of the energies of the two states.
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