Zworksi - Fall 2014

NAME: STUDENT ID:

MATH 53 FINAL EXAM

Please answer each question on a separate page — you can write on the back of
the page. Remember to write your name and id number on EVERY page you
turn in. Thanks! Good Luck!

Problem 1 (8 pts). Find the volume of the solid enclosed by the graphsof 2 =0, z = %|y|
and cylinders 2* + y* = 9 and z* + y* = 16.
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Problem 2 (8 pts). Evaluate the following double integral:

1 gl
G f / ﬁ’zyun'.rdy.
0o Jy



Zworksi - Fall 2014

NAME: STUDENT ID:

Problem 3 (10 pts).
a) Show that the equation
31 = g4z
can be solved for z near the solution + = y = z = 1. (That means that we can find
2 = z(x,y) solving the equation and satisfying 2(1,1) = 1).

b) Find @,2(1,1) and 9,2(1,1).
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Problem 4 (10 pts).
a) Define curlF, where F = (P, (), R).

b) Show that curlV f = 0.

¢) Suppose that F is defined on all of R? and that curlF = 0. Can you express F in terms
of one scalar function, and if so how?
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Problem 5 (10 pts).
a) State Green’s theorem.

b) Prove Green's theorem for a rectangular region:
D={{z,y) :a<z<bh c<y<d})
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Problem 6 (12 pts).
a) Define the divergence of a vector field F = (P,Q, R).

b) Show that divV f = Af, where

oE W T
A fie= E-}"‘E}-}F"F Ei‘-zi

¢) If E is a solid, § its positively oriented boundary, show that

f/fF (gAf - fAg)dVi= fj‘;{g?f—j‘?ﬂj.ndg‘



NAME:

Problem 7 (6 pts). Match the following two dimensional vector fields to the plots below:

I: {cos x.sin x)
¥ et N (cosz,sin(x?)) }}H’: (2%, 3%

Please do not guess: negative points will be given for wrong matches. We have
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,J’.[f (=2 — 32, x) J}I‘I'f'#{ms(.rzll,sin(y?}}

three versions of the exam with different arrangements of answers!

0.5

0.5

0.5

-0.5

g1

Ny

Y

%y
camuntl

end iR

LA
A A AT
R B P e

LY

e

et T R

-
-

TTE
[

LT T,
hasas
Tivnna
LR

LTy i T

-

ri'**h\\\ﬁm\xh\*"’

sod 1]

Tl
o e
[T e R

ks
n
b
1.
L1
[
"
@
[}
]
]
]
[
L]
L
w
1.
L

&
B
[
"
-
-
-
—

g

(=1

™,
L
u
Ll
L]

i

i

¥

k¥

v

L

L

r

1
.
%
=
-~

Q.

v
(5] o e

=

s emmal

P owowommen

a - -
Boh o e R
EEREEE"
EEEE

.

&

ik
LI
LI B R
Irfl'.";;;

/
i1§is442
0.5 1

[t P —— T ¥
gﬁﬁi;ﬂ -ﬁif
n o
L -
f?; 2ol
gfffbMMLE__._+—af?;§
P o ¥
A o
;/ o |
!;fUﬂaﬁ el
!ffbum o
’ffx; xﬁ;
e e ]
A ey 2l
(= =7

[=]
S T

[ o e -
A -
Voo Py
P Fse s P,
IR 71
9. '
fra. it
I vl
Fllr (|
| [
Bl (I |
EEE R
1
P4 s ‘
Flirr- A
A ret
;/!f:; f/;
T i s e e o
S — i ]
1 0.5 L) 0.5 1

=]

P T
et el ol B S
o o e e 0
br o e e i 7
TP o

-

e

l‘: A P o B

B e B 2
R

R e

-1 0.5 0 0.5 1

-1 0.5 1] 0.5 1



Zworksi - Fall 2014

NAME: STUDENT ID:

Problem 8 (12 pts).

a) Parametrize the surface obtained by rotating the curve r = cost, z = sin(2t), y = 0,
|t] < 7/2, around the z-axis.

b) Use the divergence theorem to calculate the volume enclosed by the surface in part a).
(Hint: div(0,0,z) = 1).
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Problem 8 (12 pts). A cylindrical garbage can is to have volume of 167m® (cubic meters).
Find the height h and the radius r of the can which minimizes the surface area of the can
including the lid. {Hint: this is a constrained minimization problem.)
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Problem 10 (12 pts). Let § be the surface z = 25 — z* — y*, z = 16, oriented so that
the unit normal at (0,0,25) is (0,0, =1). Compute

/f curlF - ndS
s

for l '
F= <—y:. —a7y, cm(;ry::]lf) .

48 27
(Hint: Use Stokes's Theorem.)



