MATH 54 FINAL
Dec 19 2014 8:00-11:00am

T SOLUTIONS

Student ID

Section number and leader

Do not turn this page until you are instructed to do so.

Show all your work in this exam booklet. There are pages with extra space at the end. No
material other than simple writing utensils may be used. In the event of an emergency or
fire alarm leave your exam (closed) on your seat and meet with your GSI outside.

If you need to use the restroom, leave your exam with your GSI while out of the room.

Your grade is determined from the following 5 problems, each of which has questions (a), (b), (c).

Each part of (a) yields either full or no credit, but you still have to show your work in calculations.

(b),(c) parts can yield partial credit, in particular for explanations and documentation of your approach,
even when you don’t complete the calculation. When asked to explain/show/prove, you should make
clear and unambiguous statements, using a combination of formulas and words or arrows. (The graders
will disregard formulas whose meaning is not stated explicitly.)



[71 1(a) Fill in the ... below.
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An eigenvalue of a square matrix A is ... QL SCCLZar' )\ SO 6’76{& A X = )\ﬁ

for some nonzero vector x

The matrix product AB of an m x n matrix A and a p x ¢ matrix B is defined
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[6] 1(b) Diagonalize the matrix A =
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0 50 using the factsthat A| 0 [ =-10| 0 | and
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det(A — AI) = (A — 5)*(\ + 10). (You should find P and D but need not compute P~1.)
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—1 1 3
B  1(c) Give the definition for the claim that the vectors [ 1 ] , |: 2 ] , [ 4 ] are linearly independent.
0 5

(Hint: The definition uses linear combinations.)

Then translate this claim into a statement about a matrix and verify it. State any theorems that you use

Def?: The Leclors are Liready inteperdent  if

C [Z]m{é]:@ﬁ,}g fots only For €,=C=C3=0.

)
[]' z' ?r]C =0 onZ/z/ has sotution ¢ =0

0 3 ¢

It pabrices have Yo me Solations

|Z\ row 6? wt Vn&n (O_P hwo’%w;s egun Lion )

[‘o
0

é g— } has no nentriviel solutions because every
0 -2
lumn has o pivot  so thore are n0
free vwiabbks.



space for extra work - label by problem number and write “XTRA” on the page of actual problem



[  2(a) Fill in the ... below.
The kernel of a linear transformation 7" : V- — W is ... He S&'é O‘P VC&‘éOfS' V in V

with Tlv)=0 - He 200 vedbor inW

The dimension of a vector space V' is ... ‘a@ mew O'F Vecﬁ)r.(' ih a ba.ftlr O"Ic ]/ )

and oo F V has no ﬁ'm'ﬁ: Spﬂnm‘nﬂ .cezé.

A vector space V' is a nonempty set of vectors, on which addition and multiplication by scalars is
defined (and closed), which contains a zero vector 0 so that ...UL+0.=..L for each uw

and on which the following axioms hold for all vectors u, v, w and scalars c, d.

u+v=V+th (u+v)+w=u+(v+w) clut+v)=LCtCV
(c+du=cu+du c(du) = (ed)u lu=u



[6]  2(b) Give the definition for the change-of-coordinate matrix P = P from a basis I3 to a basis C of a

il
vector space V' in terms of the coordinate maps x +— x|z and x — [x]c.

For V = IP,, find the change-of-coordinate matrix P from B = {bl, t, ti} toC={1+t*1—12 2t}
2 57 3 ¢, Ca Cq
Hint: You can check your results at 2 + 3t + 4t)jc = P | 3 | = [1 )
4 ¥
Debt: Plxlg=lxle
ly | . =1 (1Y) +3(1-t%)
1) _ _ N sie. | =3 (1+tY)+2(]
Pl =Tode=Lle =[5 M
0] |
0] _ = - t= 22t
P[(‘,]’[bz}e [{;]C [82_ Stnee 2 &2
2 n_Ll/f-
o - [2] =[] et UL
P [?}" 53}3— e o ‘ <2
(1, 0 '
= P=lo0 -1
0 ' 0
SO 2_] hy 0 ' [2]
' 2] = t+ht™ | =% 0 -np|| 3
CHEEE [o436+it?] = PL2eBt et =L 0 )1 3
¥ A
Zb,‘i’Bbz Lrbz, % il FB
indeed: 3UFED - 1U-E2)+ %2t
= 3+34% - +£2 3¢

=243t +4¢7
alternatie :
- | 0 O |'R O™
'P=002]0'0 001! 0O 01 0 |wo-n|=P
|-10] 00| 0 -20 -1 0| 0 o | 0 Y2 O



[6] 2(c) Let H be a subspace of a finite dimensional vector space V' such that there is a vector w in V' that
does not lie in /. State and explain the implications about the dimensions of /7 and V.

Let {v,.-vp} bea basis of H [essts she subspaces of fonte

dimenstonad vector spaces are fin'te
dimensionel

T hon iV; ...VF,W3 Ls ,Z(nea,l/ wdpp&m‘bni’ in V
CW+C, Vv, + .. +CPV‘F =O

_ _c _Ccp :
= =0 o W="2V .-V inH
U but w not inH

—_— = = = =0
G0, C Vi + ..+ CpV, =0 =7 G = - p
V;..VP

Sine V is finile dimmsional , this is onZ)f POSIZ% for
P+I < am V.

But psol%/'l . 50 i H < ptl £ dom |/



space for extra work - label by problem number and write “XTRA” on the page of actual problem



3(a) Fill in the ... below. 5t St
The general solution of ¢ — 10y’ + 25y =0 is y(t) = ..C,e + CZ-[;@

rt -10r +25 =0
& r=5+\5%25 =5 doule rol

y" — 10y’ + 25y = € has a particular solution of the form (with undetermined coefficients)

ut - .c €e”*

3y" — 25y = Te 'sin(2t)  has a particular solution of the form (with undetermined coefficients)

V=Nt ent +Betom 2t

(“H-Zc'.)t')

or R@(Ce

Ly

ai?
initial values  (0) . ... y'to), v"(0)

A third order ODE of the form +ay” +by +cy =0 has aunique solution if we specify the



[6]  3(b) Find the solution to 3" — 25y = 16 cos(3t)

with initial values y(0) = 1,%/(0) = 10, using a
(real or complex) method of undetermined coefficients.

r*—25 has pots =5

h s¢ -5t
—b homogeneous sot < e e

Parbtcufar Ansatz W) = Acod +Bsim 3C
\/" = —9A n3t - ﬂB%Bf
p

5)B som £ = 16 cra3t
P&,{? th: y’,"’z %’ - { 9 Z )

_, -34h=l6 , 73¢8=0

7
b )Pt e CE
;—;Wﬁf yl) =5zt + < z
ylo) = =+ G tCy =] = GG
y'to) = s5c, =5¢2 =0 = ¢~

25 _ 59
= 2¢,=2tm T 1F
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[6]

3(c) Set up the variation of parameters formulas which solve " — 25y = 16 cos(3t)
by going through the following steps:

e The variation of parameters Ansatz is y(t) = c1(t) .G + co(t) e

e We impose a convenient extra requirement for the functions ¢y, ¢s:

st -5t _
cle’+c,e =0

e Plugging this Ansatz and condition into the ODE yields an equation for ¢} and c}:

C"\/,"l' C; \/Z| = l6 @Bt

v =% = y/l= Se>t

- -st
Vel =€ = yi=-%<

e We can rewrite the ODE and extra requirement in matrix form

[ St =St 1771 T T
e e / 0
ct -5t N
e -5e ¢ 6 3t
m_ o B ) -SE -5t
- -1 —ge -
wt=-5-5=-10 | ] =5| st o5

e Solving this linear system for ¢}, ¢, leads to the integral formulas

(these need not be solved but should be so explicit that they can be plugged into a symbolic calculator)

cl(t):cl(())—k/ot...:_! (-é'%- (6 co> 319)

[0)

cz(t):cz<0)+/0t...=l—' (eﬂ’. 6 n3t)
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[7]1 4(a) Fill in the ... below.

IfA [ ;} =5 [ ; } and A [ :H =—7{?},thenthegeneralsolutionofx’=Axis

YA 2|3
x(t)=.. C, & [2 t+Cre ||

2€2t
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If the vector functions y1,y2 solve y; = Ay, + [ 3aint

then x = y; — y solves the system
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. 2
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= O 5 as matrix CXpOl’lCl’l 1al Tunction e = ... O 8



[#  4(b) Find the general solution of x'(t) = ’ t o i
0 5 x(t) + o5t using variation of parameters.

¢
Ansatz: xlb)= € A cl¥)

Féa in: X = A CJCAQH,') + BtA Q.‘H:) = A e C(t’)+[ st]

Y e—?l: _ Ca P -5t
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[6] 4(c)Let A : R — M,, be a continuous matrix function.
Give the definition of a fundamental matrix X(¢) for the system x'(t) = A(t)x(t).

Give and prove a general formula for solving initial value problems  x'(t) = A(t)x(t), x(to) =V
in terms of X(t), ¢y, and v. ~

n

", W) =ARX ) | Xlto) nwtisle for sore
et X ) =AX (and bomce.al) 4o

Qi Z(&)thf)ZH-o)ﬂ_\c_ sofves

- -
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[71 5(a) Fill in the ... below.

The Fourier series of a smooth function f on [—5, 5] is

with B "
5
£02) co> Fnx 3
an = ... ;_gg. / = ;’- J £0<) w):;-:rnx
5 co> Tnx -5
-5
[ t0omE .
_ £(x) smgnx , .
o = & [ £ s T
.2 5 5
s f’-‘nK -5
=2 = 5’&0

~

3
The Fourier coefficients of f(z) = 2sin? (z) + v/2sin (mz) + 2 cos® () + 7 cos (Ix) on [—5, 5]

are /i T h

ay = Lf' a; = O a9 = O ag = ;- ay = O

0 b= 0 by — .0 b= .0 b= 2

as— .0

b=.0



[#

S(b) Find the solution to the initial-boundary value problem (by any method)

ou 0?u
E:ﬂ@ for 0<.T<7T,t>0, (PDE)
ou ou
%(O,IL) = %(Tr,t) = O for t > O, (bC)
u(z,0) = 237” cos(nx) for 0<z<m. (¢c)
n=0

Fowior Ansrtz  Ulxit) =D Talt) (nx)  soties (be)
n=0

nh=0

ME): ST anx =-V21 2. Th n' oo> n><
n=9

e T, =-vnth
(2] oo -h

e): D Thlo) conxe = 2.3 oonx j Thlt)=73 e
h=0 Nn=0

-h

= Tlo) =73

= Ult)= Z 3—'7@: l’?n"-tm (nx)
n=0

—

azéa—mﬁ'hg . Gereald soluntion

0 oo ~-Nn
tic): D Catornx = 3 conx
Nn=0

Ul<it) = ﬁ Che 2% 5 (nx) from sepmration of vawiables
n=0

S -n —i2nlt
M.(x.k}:j'}ne zn COB(V)X')
n=0

h=0

= C',.,::B"VI =



[6]  5(c) Determine ODE’s and initial conditions (but don’t solve them) for the coefficients By(t), B (t), Ba(t), . . .
of any function u(x,t) = By(t) + > .-, B,(t)sin(nz) that solves

Pu Pu ,
(PDE) w = W + e + 4t bln(2x) fOl‘ 0 <r < 27T, t > O,
. '
(¢)  w(z,0)=3+sin(z), t )%(x,()) = 5sin(2z) for 0<ux<aT

(PDE) B;‘-l—f_B:%'nnx =-i13nn29;;.nx -|—8_é+ L(—t%zx

n=| n={
> Bs =€ B, 4B, b, B =B o neis,
(i) ulx0) = BO(O)-I—Z&[D)%HX = 3+ Smx

= B,b)=3: B,WO=I, B.0)=0 for n=23, ...

(ic): %ﬁ (x,0) = B;(o) + V.Z_. ‘B,,’(o) canX = 5 smx

S Bi0)=5, By0)=0 for h#2

By = g B{" = -B, Mo 4Bt | Bl =-n'B,
B0 =3 Bilo) =( B,00=0 Bnl0)= 0
Bo@=0 | B=0 | plw)=5 8(0) = O
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