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st ST IONS

Section Leader

Your Name

Do not turn this page until you are instructed to do so.

Show all your work in this exam booklet. No material other than simple writing utensils
may be used.

Your grade is determined from the highest scores on 4 of the following 5 problems.

So rather than working through everything, make sure your answers are careful and correct.

linear systems 1
matrix algebra and inverse 2
linear combinations and dependence | 3
abstract matrices and span 4

elementary matrices and determinants | 5
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1. (a) Express the following matrix equation as linear system for variables x;
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[3] (b) State what it means for A = { 7

3 ) 1 1
6 -3 } to have inverse B = { 9 }

W~

(Make no calculations here — just algebraic statements.)

AB =1 =BA



[4] 1. (c) Demonstrate how to use a property of the inverse from (b) to find the solution to (a).

E""Bb_ sotves AZS =b

]
because ABb =Ib=b
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[4] 1. (d) For the matrix A from (b), use the facts A [ 11 } = { —4 } and A { 1 }
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1. (e) Describe the solutions of the following system in parametric vector form.

$1+$2+2Z‘3:4
$2+$3:3

—21‘1 — 21}2 — 41)3 = —8
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[8] 2. (a) Compute or explain why the following expressions are undefined for A = [ 2.0 -1 } .
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2. (b) Calculate the inverse of A
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and use it to calculode/ Give o
[6] 2. (c)€Eheck the (1,2) entry of y;u: result in (b), trsi formula for A~! in terms of cofactors.

(Hint: This entry is # 0.) [{ T
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1 0 0
[6] 3. (a) State a criterion and use it to decide whether the vectors |: 3 ] , |: -3 ] , |: 0 span R3.
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n vectorsin R" Spon R" if the Corresponding square matrix has

a pivet in each ren & redued edelonformT & 1S L\;}verﬁib@
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The vectors span R” if the cerresponding mortrix has a pivet in each row
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[51 3. (b) Use your work in (a) and no further calculation to also decide and explain whether the vectors
are linearly dependent.

(If you didn’t solve (a), state a criterion for linear dependence and make the calculation here.)
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1 -2 4 3 1 1
[3]1 3. (c)Usethe factthat | 2 0 —4 1 [=1|6 | towritew= | 6 | aslinear combination
3 0 -6 0 9 9
1 -2 4
of the vectors vy = | 2 |, vy = 0 |,andvs= | —4
3 0 —6



[6] 3. (d) Decide and explain whether there are weights other than the ones found in (c) that allow to write
w as linear combination of vy, vo, V3.

The weights are sotutions of |:.‘—’¢ Va .\(3] X=W .
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Whn |/ is invertible .
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4. Give counterexamples or justify the following statements just using definitions and algebra (no
theorems).

[51 (a) Suppose A is an m x n matrix and there exists a matrix D so that AD = [. Then the columns of
A span R™

Sofukions of Ax=b always exist for b in R"™

since x =Db sofves AX = ADb=Ib=b .

So any b in R is a Linear combination of the Columns of A,
i.e the cotumns Span R



[51 (b) Suppose A is an m x n matrix and there exists a matrix D so that AD = [. Then solutions to
Ax = b are unique.

—F}iLS—a [I o] [é] =1 =1
Ao
b Ax=0 hus sotuttons x=[?]
for any scalor c




4.continued

[5] (c) Canspan{vy, vs, v} contain vectors that are not in span{vy, ve, v, vy} ?
(Give an example or reasoning.)

No] TI& w in span{V, V, Va3 then For some C,,Cy Cy

Y_\/ = C,!Z, t+Cy Vo +C3\//3
=C Y, tC Y tC3Y s O-\—-/Ll-
which is a Linear combination of V,v,\5 Yy

so w is in that span,too.



Explain wonldl
[5]  (d) What weuld equality of span{vy, vy, v3} and span{vy, vo, v3, v4 } imply about linear (in)dependence
of the vectors vi, vy, vy, vy D

It means v, lies in span {y, .. v} and hence tn span Zy,.._\43}/

which impﬁesmnmr depen dence| of V... Y.




[4] 5. (a) Write down the elementary 3 x 3 matrices that represent the following row operations:

[ 6 O
e adding six times the second row to the firstrow: By = O | o
00 I
'/3 00
o scaling the first row by 5 : E, = ol ©
0 o |

0 0 |
e interchanging the first and third row : E3 = O O

| 00
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[6] 5. (c) With the matrices F, Es, F)3 from (a), give and explain simple formulas that relate the following
for any 3 x 3 matrix B = [ b; by bj ]

e V)53 = the volume of the parallelepiped determined by the column vectors of Fy EsFsB
e 155, = the volume of the parallelepiped determined by the column vectors of FsFEsFq B

e V' = the volume of the parallelepiped determined the vectors Egby, Egbs, E3bs
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[6] 5.(d)Let A, B,C be 4 x 4 matrices with det A = 2, det B = —1, det C' = 5. Compute

detBCA) = Jb B - —— it A = ('l)'g-l"Z

det(2B) = 2_“ olet B = !— 6
(n=4)

det(CT A) — det (ATC) = oéfCT dt A - obf AT. et C
o{ﬂﬁc céytA



