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Problem 1 ¢ AVERAGE MOMENTUM 8points

A particle’s coordinate space wavefunction () is real and square integrable. Prove that the particle’s
average momentum is zero. Would the particle’s average momentum be zero if it)(x) were real?

Problem 2 ¢ PROPERTIES OF A WAVEFUNCTION 22points
A particle of mass m moving under the influence of a one-dimensional potential V(z) has the wavefunction:

Y(x) = Nze—o*",

o A ¢ Normalize ¥ (z). That is, find the value of N.

o B o What is (x)? What is (p)?

o C o What is <m2>? What is <p2>?

o D ¢ Does the uncertainty principle hold?

o E ¢ Suppose that you find out that V(z) = 0. What is (H)? Is ¢(x) an energy eigenstate?

o F ¢ Suppose instead that you only know that V(0) = 0 and you also do know that ¥ (z) is an energy
eigenstate. Find the potential V' (z) and the energy eigenvalue E?

o G ¢ Explain why () is or is not the ground state wavefunction. That is, why E' is or is not the lowest
possible energy eigenvalue.

Problem 3 ¢ CONSERVED PROBABILITY CURRENT 10points
Suppose ¥ (x,t) obeys the one-dimensional Schrédinger equation:
oy - "2 8%
ZTLE Hy(z,t) = ~ 9 a2 + V(x)y(x,t).

o A ¢ Derive the conservation law for probability:

dp 0j
ot Tar 0

where p(z,t) = ¥*1 is the probability density and the probability current is given by:

h d*
i(@,t) = (w aﬁ aﬁ)'

o B ¢ Explain why this equation is the conservation law for probability.
o C o What is the current associated with a wavefunction v (z) which is real? What is the current
associated with a wavefunction such that it (z) is real?

Problem 4 ¢ QUALITATIVE DOUBLE WELL (GRIFFITHS PROBLEM 2.47) 10points
Note: No calculations are allowed in this problem. Sketches and descriptions only! If you are concerned
that a qualitative feature which you intend to be visible in your sketch might not be clear, you can include
a few descriptive sentences.



Consider the double square well potential as in Figure 1, where the depth Vj and the width a are fixed, and
large enough so several bound states occur while the separation b can vary.
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Figure 1: Double square well potential.

o A ¢ Sketch the ground state wavefunction ¢, and the first excited state v, (i) for case b = 0, (ii) for
case b &~ a, and (iii) b > a.

o B ¢ Qualitatively, how do corresponding energies, F; and Es, vary, as b goes from zero to infinity?
Sketch F4(b) and E2(b) on the same graph.

© C o The double well is a very primitive one-dimensional model for the potential experienced by an
electron in an diatomic molecule where the two wells represent the attractive force of the two nuclei.
If the nuclei are free to move, they will adopt the configuration of minimum energy. In view of your
conclusions above, does the electron draw the nuclei together or push them apart?

Of course, there is also the internuclear repulsion to consider but that’s a separate problem.

MATHEMATICAL FORMULAS

Trigonometry:
sin(a £ b) = sinacosb % cosasinb

cos(a = b) = cosacosb Fsinasinb

Law of cosines:
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