Problem 1. (a) Evaluate f f ysinz dA, where R is the plane region bounded by the curve y =sinx and

A
the linesy =0, x =0 and z = w.
(b) Let W be the region {(z,y,2) | /2% + 4 < z < 1} in space. Write f/ f dV as an iterated integral
o

in the order dz dy dx.

Solution (a) The answer was 0. Most of you chose to do it in the dy dx order, which does seem to be the
more convenient one. One thing vou had to watch out for is that when you're setting bounds for ¢ in terms

of z, things change drastically as you move from 2 < T o> o {as will become clear once you draw the
region): in the former case 0 < cosy, whereas in the latter the inequality is reversed. So you had to break up

your integral in two, as in
' L peosz T 00
f f ysin T dydz + / f ysinz dydz.
4] 0 £ Jcoswz

Calculating the two inner integrals (that is, integrating with respect to y in both summands), you get

1%, 1™ .
(=) —/ Cosmsmwdw_if cos“ @ sinwg du.
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I now claim that the two integrals cancel out. Now, I could just calculate them and see that that’s the case,
but let’s do it more cleverly.
Making the substitution z = 7 —u in the first integral (to turn the interval [0, 12[] into [g—, w} ), ’'m getting

x i

2 2 R 2
f cos“x sinz d:r=f
0 T

" Pinally, using cos(m — u) = ~ cosu and sin{m — u) = sinw, this last integral is exactly

cos2{m ~ u) sin(m — u) d(m —u) = fw cos?(m — u).sin('fr —u) du.

m ™
f cos? usinu du = f cos? zsinz du.
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So as claimed, the two integrals in {*} cancel out and you get zero.

(b) The region sits above the cone z = /22 + y? and below the horizontal plane z = 1. This already tells

you the bounds for z: the lower one’s \/z2 + 32, while the upper one is just 1. To find the bounds for z and g,
I have to take this solid and project it on the zy plane. Drawing the portion of the solid cone described in the
first sentence, you'll see that this projection is nothing but the disk of radius 1 centered at the origin of the zy

plane. All in all:
f / f f dzdydz.
Vit
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4 f f f f dzdydz
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instead, presumably trying to exploit the symmetry of the situation. That’s incorrect: the region of integration
is symmetric, but the infegrand f need not be! Here, f is a totally arbitrary function (perhaps contmuous, but
that’s all), so you don’ know that it has any symmetry properties at all.

Some of you wrote things like
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2.Let E be the solid bounded by the paraboloid z = 2(z? + y?) and the plane z = 8. Find the
centroid of E.
Solution.
Using cylindrical coordinates, the region is {0 < 8 < 2w, 0 < r <2, 2r% <z < 8}. Let the density
be p = k,then
m = [ jqz fo2 krdzdrds
' 5T 58 — 2rY)krdrdg
or [2(8 — 2r®)krdr
= 2mk(4r? — 3rh)3
= 16kr
Z = ;11- i 2m foz f;g zkrdzdrdf
e LT PR LS krdrdf
Lor [2(32 — 2r¥)krdr
e (2(39r — 2r%)dr
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By symmetry, 2 =7 = 0.
Thus, the centroid of E is (0,0, %)
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3. Let E be the “ice-cream cone” region bounded by the sphere p = 2cos¢ and the cone ¢ =
(We are using spherical coordinates here.) Suppose E is filled with matter with density d(z,y,z) = 2
(in Cartesian coordinates). Find the mass of E.

Solution

The mass is given by m = [ [ [pd(z,y,2} dV. Converting to spherical, we have z = pcos¢ and
pick up the Jacobian p?sin ¢, so we get the integral

m=f/fpscos¢sin¢ dpdgdd

Now, to figure out the bounds, observe that E is given by {(p,¢,9)|0 < p < 2c08¢,0< ¢ < £,0<
6 27}, so our integral becomes

2w z 2cos ¢
m = f / f % cos ¢ sin ¢ dpdgdf
] a 0

Solving, we get

2¢os ¢
f p® cos¢sin ¢ dpdpdd

0
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P 160059 s psin & depdd
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Qﬂ % P4 : 2cos ¢
Vi $sindly dodd
0

4
21r
= 4/ f cos® ¢sin ¢ dpdf
We use the u-substition v = cos¢, du = —sing and cos0 =1, cos 5 = i to rewrite our integral as

6 2
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1. (a} A metal arch has the shape of the curve % + 22 = 1,z > 0 in the ;
: 7 yz plane. Its density is given by p{z, y, 2) =2 — 2. Compute the mass
of the arch.

Solution. First parametrize the curve: y = cost,z = sint for

0<t<m. Usmgds—-\/ o' (t)2 -+ o' (t)2dt = 1- dt, we have

Mass=/p(m,y,z)ds

:fo (2 — sint)dt

= [2¢ + cost]§ = 27 — 2

Parametrization is 2 points worth, Setting up the integral is 2 points
worth and correct answer is 1 point worth. We gave 0 point for double,
triple integral.

2. (b) Let F(z,y,2) = (2?,22z,1). Let C be the line segment from (0,0, 0)
to (0,1,1), and let D be the part of the parabola z = 22 + 1,y = 1,
from (0,1,1) to (1,1,2). Let E be the curve C-then-D. Calculate
[oF-dr.

Solution. Parametrize C: x =0,y =t,z =ffor 0 <¢ < 1. Then
dr = (&), 7 (), 2/()dt = (0,1,1)dt. Also F on C is F(0,¢,8) =

(0,0,4).
o o 1

fpmzfm@mewt _

c 0

I
=/ tdt =
0

Parametrize D: z = t,y = 1,z = t2 + 1for 0 ¢ < 1. Then dr =
(@'(t), o' (£), 2/ (£))dt = {1,0,2t)dt. Also F on D is F(t, 1,42+ 1)
{t%, 162 + 1), 1),

fﬁ-d” /(t2 (% 4+ 1),1) - (1,0, 26)dt
D

=/ 12 4 2tdt = -
0

So the final answer is [ F-dr = [, F.dr+ [, F-dr =
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Problem 6(a) Find a constant a such that the vector field F(x, y) = (ax?y — ¥*,3x? — 3x y?) is conser-

vative, or else show that there is no such constant a.
If a is constant then ap 20

2 2 2
— =ax*—3 and — =6x -3y~
dy Y x Y

If F is conservative then 9P /2y = 8Q/9 x, but no constant a can make these two things equal. Hence
there is no such constant @ making the vector field conservative.
Problem 6(b) Let F(x,y) = (6xy — y*,3x% —3xy® +4y). Find a scalar potential for F.

We want a function f such that

felx,y)=6xy—y* and f,(x,y)=3x>-3xy>+4y.

Let
£ = [ flxyydx =25y —xy*+ ) |

Then
fGe,y)=3x2=3xy*+ g'(y), so g(y)=4y, so gly)=2y*+C. :

Therefore §
Flx,¥)=|3x%y —xy*+2y2+C|

Problem 6(c) For F the field from part (b), find [, F-dr, where C = {{cos¢,sint) : t € [0, ]}, oriented
from (1,0) to (~1,0). '
By the Fundamental Theorem for Line Integrals, using the scalar potential f(x, y) = 3x%y —xy3+2y*:

/F-dr-_-—-f(—l,o)—f(l,o)=_0—0=.
C




7. True or False. (There is no penalty for guessing wrong. In the questions below, a nice
scalar or vector field is one that has continuous partial derivatives of all orders.

F 1. Let f be a nice scalar field on R?; then for any smooth oriented curve C in R?, letting
—( be C with the opposite orientation, we have /fds = / fds.

Line MTf’]ra/a/ Qa f(a/r 7[ /a/ a/m-s o 7 Q/,o J# an ./g,, OAlEA7G 71D,
[ 2. If f is continuous on | 0 1], then / / flz) fly)dydz = f f(z)dz)?

Comvs from FM et '{-Pd’-ﬂv\ .

_[ 3. f / flz,y)dydz = [ / f{z,y)dzdy for any continuous f on RZ.
ANor 45 Same ”87")" g Jaf( ¥ u/"J

/ o
Z 4. If fis continuous on R?, and R, is the square with edge-length a centered at (g, o),

then _
f(zo, %) = hm ( // fdA) ,

‘/Q/alf 67[ 74»-1(7'-0,- -.-.—/;'M,'r ¥ avewa /*"J oA /‘&:jZAJ /0/
— ROt u/ 7i‘#/00u47'
/ 5. Let S; and 53 be type 1 regions in the uv-plane, and suppose they are mapped to regions
' Ry and Ry in the zy-plane, respectively, by the transformation T'(u,v) = (2u + v, 3v).
Then area(R;)  area(R;) .

area(S;)  area(Sy) <7acoéfar"\ K CoOSTaNT . !

6. Let C be a smooth curve in R?, and suppose g is a nice scalar field such that
g9(z,y,2) = k for all points (z,,2) on C. Then [, Vg -df=0. _77¢ Azt S / > F

a"'“/ 8'-‘_ f":“‘*//'-’ofv\.r" > &Fv‘jocf;ﬂ = 3(5)7(4)‘: O

7 The vector field F('F) =

BN

W is independent of path on R? - {(0,0)}.
7{1’ SC‘QA» 74[:,/@/ JCKI"‘) = 7%" (Qa 0?’@{4'2’7& t

[E 8 Let FF=(P,Q,R)and G = (PS5 T) be continuous vector fields with the same first !
- coordinate function P(z,y,2). Let C be an oriented smooth curve lying in the plane

z == 4. Then /f-df’=fé-dﬁ
c c

/\/ you e/me-ﬂj @ S as u-')‘?// Evj.
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= <o0,/,0>, Cl =<o,z,0>  C =
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