Question 1 (10 Points) 1D Collisionand I mpulse

A uniform rope of mass m per unit length hangs vertically from a hook so that the lower
end of the rope just touches the horizontal table as shown in Fig. 1(a). The ropeisthen
released from the hook and descends onto the table. The rope is assumed to be
completely flexible and when it reaches the table it stops instantaneously. When alength
y of the rope has fallen (see Fig. 1 (b)) what is the force exerted by the rope on the table
interms of y, mand g?
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Solution

The rope descends via free fal onto the table. As it starts from zero initia velocity its
velocity v is related to the height y it has falen by: v(y)=[2gy] Y2 The length of the rope
which lands on the table during the time dt at that instant is: v(y)dt and the corresponding
mass is mvdt

Based on the assumption that the rope stops instantaneously after it lands on the table, the
rate at which the rope transfers momentum to the table is:

dp/dt=[mvdt]v/dt=mv?=m(2gy). According to Newton’s equation of motion thisis the
force exerted on the table by the falling rope. However, there is also rope of length my
already on the table and the force they exert due to gravity on the table is myg.

Thus the total force exerted by the rope on the table is 2mgy+mgy=3may.




Question 2 (10 Points) Energy & Work

Figure 2 shows a massive spring whose total mass is Ms and whose length when
ungtretched isL. A smaller mass m is attached to the end of the spring. The mass m and
the spring both move on africtionless table. The spring, when stretched, behaves like a
rod with Y oung's modulus E. When the end of
the spring is stretched by an amount D the
extension of asmall element of the spring
around the point x can be assumed to be given

by (x/L)D. Similarly when the mass m at the L
end of the spring is moving with velocity V a L ; i
point x along the spring can be assumed to iy
move with velocity (X/L)V.
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Fig.2

(a) Calculate the potential energy of the mass m plus the spring when m is displaced by
D.

(b) Calculate the kinetic energy of the mass m plus the spring when m is moving with V.
(c) What is the frequency of oscillation of m?

Solution

(&) For arod of length L, area of cross section A and Y oung’'s modulus E the stress
(=Force F/Area A)=E(strain) where drain is defined as DL/L. Consider the point x along
the spring. When it isextended by amount Dx the restoring force on it is; F=EA (Dx/X).
Dx isgiven by: Dx = (x/L)D so : F=EA(D/L). The direction of F isin the negative x
direction. Notice that this force F is independent of x just like the tension in a string is the
same everywhere. Thus the spring constant k of the massive spring is =EA/L. The work
done by external force in stretching the end of the spring by the amount D is then given
by the integral of Fdl (where dI is the displacement of the end of the spring) from I=0to
D, just like aregular massless spring. Thus the potential energy stored in the spring is:
(1/2)kD? or (1/2)(EA/L)D?.

(b) Let nemass/length of spring. The mass of a small segment of spring of length dx ism
dx. Its velocity v(x)=d[Dx] /dt=(x/L)(dD/dt). Let V=velocity of the mass m then
V=dD/dt. The kinetic energy dK of the small segment of the spring is

dK =(1/2)(mdx)[ (x/L)V]?. Thetotal kinetic energy K of the spring is obtained by
integrating dx from x=0to L or:
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K= ‘BEWZ Exzdx. After integration the result is K =aal(m;g Let Me=mass of
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spring=nL then K=(1/2)(M¢3)V2. If we include the kinetic energy of the mass
m=(1/2)mV? we get: total KE of spring and mass=(1/2)[m+(M43)]V>.

(c) The spring has force constant k=(EA/L) and the spring’s KE suggests that we can
treat it asif its mass is zero but the mass attached to its end is effectively: m+ Mg/3. The
frequency of oscillation of this SHO is therefore: f=(1/2p)[k/(m+ M J3)]¥2.




Question 3 (10 Points) Rotational Kinematics

A hockey puck (approximated by a point mass m) slides on africtionless horizontal ice
sheet while tied by a massless string to a vertical post as shown in Fig. 3. The radius of
the post is R. Initially the puck has a velocity \, in the direction perpendicular to the taut
string and the length of string is s,. As the puck continues to move it becomes wrapped
around the post shortening the length of the string and hence its distance to the center of
the post.

(a) Given the above initial conditions, is
it possible for the puck to movein
another direction other than
perpendicular to the string?

(b) When the puck rotates around the
post, will its angular momentum be s %
conserved? Justify your answer.

string of length s

Fig. 3

(c) Calculate the angular velocity of the puck relative to the point O in termsof s, v, and
R.

(d) Derive an expression for the timet for the string to reach the length sfrom the initial
length s,. In the case your answer involves an integral you do not have to evaluate this
integral. However, make sure that you put in the limits of the integration.

Solution

(& No. The velocity of the puck cannot have any component along the string. Any
velocity towards the end of the string will cause the tension to disappear. Any velocity
away from the end of the string along the string will mean that the string is stretched.
(b) Although the puck is rotating around the post O but the force acting on it viathe
string is not parallel to the line joining the center O to the puck so the torque exerted by
the string is not zero. As aresult the angular momentum is not conserved.

(c) Let the angular velocity of the puck around O bew. Then w is given by the
tangential velocity of the puck relative to O divided by r or

w=vecosal/r where a= angle between the string and the line joining O with the puck.
From Pythagoras Theorem cosa=g/r and r=[R2+s’]¥2 so  w=v,s/[R?+s7].

(d) Suppose the initial length of the string is s, and after time t the length of the string
becomes s. Suppose we measure the angle g shown in the figure from the time t=0 then
$=%-Rqg. Thus ds/dt=-dg/dt=-w, the angular velocity of the puck around O.

Using the result obtained in (c) we obtain:

W=Vos/[RP+57]=-(1/R) (dg/dlt).

Rewriting this differential equation as:

2 1 s2+R? . 2 1 s?+R?
t=0 ds.Wefmdthatt=O
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NOTE: the integral gives the analytic answer:t = —a2——+In¢2
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Question 4 (10 Points) Rotation dynamics

A toy top of mass 220 gm is made to rotate at 15 rev/s with its axisinclined at an angle
of 30° to the vertical. The top precesses about the vertical axis at the rate of 1 revolution
per 8 seconds. The Center of Mass of the top is determined to lie along its axis of
symmetry and its distance from the tip of the top is 3.5 cm. What is the moment of inertia
of the top? In case you copy an equation from your cheat sheet to solve this problem, you
should justify the use of this equation.

Solution

The force due to gravity on the top along the

vertical directionproduces atorquet on the top. L

The magnitude of t is mgrsina (where misthe

mass of the top, g isthe acceleration due to

gravity, r isthe distance from C, the CM of the

top, toitstip P and a is the angle between the axis

of the top and the vertical axis and is equal to 30°

in this problem) while the direction of the torquet

is pointing into the paper. The torque will change mg

the angular momentum L (=lw where | isthe P

moment of inertia of the top about its axis and w

is the angular velocity of rotation of the top about its axis) of the top so that DL=t Dt.
Because DL is always perpendicular to L, the angular momentum of the top will rotate
around the x-axis and the velocity of this precession is given by:
[WI=(DL/Dt))/(|L|sina)=t/(|L|sina). Thus

W=mgr/L or I=mgr/wW.

Given that the angular velocity w=14x2p rad/s, the mass m of the top is 0.22 Kg and W
=2p/8rad/s , r=3.5 cnm=0.035 m, one obtains :

1=1.0x10°% Kg.n*.




Question 5 (10 Points) Gravitational Force

Assume that the earth’s crust is approximately 30 Km deep and has a uniform density of
2.72 gm/cnt. A geologist tries to measure the fractional change in the acceleration due to
gravity ( that is Dg/g) as away to determine whether there are mineral deposits or natural
gases under ground.

(a) Suppose a spherical deposit of pureiron of diameter 5.00 Km and density 7.86
gm/cn liesjust beneath the earth’s surface. What will be the value of Dg/g measured by
the geologist immediately above this iron deposit?

(b) Suppose a spherical cavity containing natural gas (which has amost negligible
density) lies just beneath the Earth’s surface and the geologist measured a value of Dg/g=
-1.94x10* immediately above this cavity, what is the diameter of this cavity?

Useful Constant:

Earth’s acceleration: g=9.80 m/s>.

Gravitational Constant G=6.67x10** Nm/K ¢?.

Mass of Earth=6.0x10?* Kg; Radius of Earth=6.4x10° Km

Solution

(8 The change in the earth s gravity on the earth’s surface immediately above the
spherical iron deposit due to the presence of the iron deposit can be calculated by
replacing the density of the crust with the density of the iron deposit in the Newton's Law
of Gravitation: Dg=G(4pr3/3)(r iron-T crus)/r* where G is the universal gravitation constant,
Iiron @A I ug @re, respectively the iron and crust densities and r is the radius of the
deposit.

With this formula we can write Dg/g= G(4prRe?/3Me)(r iron-T aus )= 3.67x10%. (Mg and Re
being the mass and radius of the earth respectively).

(b) From the above equation of Dg/gone can calculate the radius R of the cavity knowing
the density difference. D=2R=diameter of cavity=5Km.




Question 6 (10 Points) Coupled SHO

Two sguare blocks 1 and 2 have masses my and nmp respectively. They are connected by 3
springs of identical spring constant k as shown in Fig.6. The masses are sliding on a
frictionless surface.
(& What are the equations governing the displacements Dx; (where i=1,2) for the two
masses?
(b) What are the possible frequencies of vibration of these masses? (Hint: assume that
the solutions for Dx;=A;coswt where i=1,2)

frictionless surface
Fig. 6

Solution
(a) Let the force on my be F1. The equation of motion for my is: F1= (-kDxp)-k(Dxg-
Dxz)=my[d’Dxy/dt?]. Similarly the equation of motion for mp is:  Fo= (-kDx2)-k(Dxe-
Dx1)=mp [d”Dxz/dt?].
(b) Assume solutions of the form: Dx;=A;coswt and Dx,=A,coswt and substitute into the
above two equations of motion. The resultant linear equations are:
(muw?-2K)A1+kA,=0 and kA;+(mpw?-2k) A,=0
These two equations can be combined as: Ay/Ax=(-K)/[ (muw?-2K)]=[ (mpw?-2K)]/(-K)
Thus the solutions we have written down are valid only when:

[(muw?-2K)][ (mew?-2K)]-k?=0. Thisis an quadratic equation in (W?):
mmw* - 2k(m, +m, w2 +3k? = 0whose solutions are:

w? =(k/mlmz)g(ml+ my) &/ m 2 +m,? - mlng.

The acceptable solutions for w are therefore the positive roots of the above equetion :
1/2

w= (k/nlmz)l’zg(m+mz)tJWh2+mzz- mm g

The values of A1/A; can be obtained by substituting these solutions back into the
equation: A1/A>=(-k)/[(muw?-2K)]. It turns out that for the higher frequency oscillation the
two masses will be oscillating out of phase (ie the two masses are moving in opposite
directiors) while the in phase oscillation has a lower frequency.



Question 7 (10 Points) Damped SHO

A tuning fork F will oscillate at the frequency of 1.000 KHz when struck and it will
oscillate essentially with no damping. Another identical tuning fork F’ has arubber band
attached to its vibrating arms so that its oscillation is dlightly damped. As aresult of this
damping the frequency of oscillation of F' is aso changed slightly. When both tuning
forksF and F are struck simultaneously a beat of frequency of 2 Hz is measured.

(a) what is the frequency of oscillation of F'?

(b) When F is struck alone, how long will it take for its amplitude to decrease by a factor
of 2?

Solution

(&) For two oscillators with frequencies f; and f, the beat frequency is given by |fi-f;| S0 if
f;=1.000K Hz and the beat frequency is 2 Hz, then f,=f;-2 Hz= 0.998 KHz. Since the
second tuning fork has rubber band attached to it has to oscillate at a lower frequency.

(b) When the tuning fork F' is struck alone, its amplitude A will decrease exponentially
with timet as exp[-at] where the exponent a is related to the damping constant b, the
mass of the SHO by the relation: a=b/2m. To determine b/2m we can use the equation
for the frequency of the damped oscillator: > which is related to the frequency of the

undamped oscillator f; by:
(20f, ) = (2pf, ) - G - Thus a? = (2pf,)? - (2pf,)?. When the amplitude decreases by a
e (%]

factor of 2thetime T for thisto occur is given by: (1/2)=exp[-aT] or
T=log:2/a=1.75x10"s,

W)
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Question 8 (10 Points) Wave

Fig.8

A plane wave of amplitude A, frequency f=w/2p
and wave length | istraveling aong the x-direction
when it hitsawall located at the point x=0 from the
left hand side as shown in the Figure 8. There are
0‘

a<<l

two identical small holes (size of the holes aare

<<l ) inawall (the wave cannot penetrate the wall
but can be reflected by the wall). Oneislocated at a
height H above the x-axis while the other one is
located at H/2 below the x-axis. The wave fronts of
the incident wave are shown in the figure.

T
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(& Write down an expression for the magnitude of the displacement D(x,t) of the incident
wave as afunction of timet and position x.

(b) After hitting the wall some of the incident wave are transmitted through the two holes
in the wall while the remaining are reflected. Apply Huygen's principle to determine the
shape of the wave fronts of both the reflected wave and the two waves which escapes
through the holes(sketch your result only, do not derive the mathematical expression for
the waves).

(c) Derive an eguation (ie it is not necessary to solve this equation) from which the
locations along the x-axis where the two waves passing through the two small holes will
constructively interfere can be calculated?

Solution

(8 D(x,t)=Acosiwt-(2p/I )x].

(b) From Huygen’s principle, the wave fronts at the two small holes will generate
spherical wavelets and these will produce the new hemispherical wave fronts as shown
in following figure:

(c) Let x be the position of a point along the x
axis. The distance traveled by the two spherical
waves originating from the holes at height H and
H/2 are, respectively,:

ch=[H?+x?]Y2 and do=[(H/2)*+x?]Y2 . The X
phase difference between the two spherical waves 0
will be: Dg=2p[di-d2/l ]. For constructive
interference to occur at X we must have :
Dg=multiples of 2p. Another to state thisis. the
path difference is equal to an integral multiple of
the wavelength. ?




Question 9 (10 Paints) Fluid dynamics

A cylindrical tank has aradius of 9 m and rests on top of a platform 6 m high. A siphon
tube is used to drain this tank which is filled with water to aheight of 3 masshownin
Figure 9. The siphon tube risesto 5 m above —
the bottom of the tank and then descends to
the ground where the water drains out. The

siphon tube has a diameter of 2 cm. Assume e

that the water enters the siphon withalmost

zero velocity.
Siphon
tube

(a) Caculate the velocity of the water when
it exits the siphon tube.

(b) How long will it take to drain al the
water from the tank?

Figure9

Solution
(& Apply the Bernouilli equation to these 2 points: 1 <> the entrance to the siphon and 2

< to the exit point of the siphon:
2
Pl"'rig)h"'rlzvl =P +r20y; +r222

Since water is assumed to be incompressible, we will write r 1=r >=r . In addition we can
assume that vuy~0. The pressure Py is then Py+r gH where Py is atmospheric pressure.
Similarly we assume that P,=P,. If h=height of platform then yi1-y,=h. Putting these
results into the Bernouille equations one obtains:

g(h+H) =% or vo=[2gH+h)]Y2.

(& Let A; and A; be, respectively, the area of cross section of the tank and of the siphone
tube. Continuity Equation then requires that —+ A1(dH/dt)=r AzVv». Thisdifferential
equation can be expressed as : -dH/vo=(A2/A1)dt. When express v, in terms of H we

. dH A, . L .
obtain; - ———— =-2dt. Let time t=0 be the starting time when water drains from the
J2g(H+h) A g

tank through the siphon and the height of the water in the tank H=H,=3 m. Let T be the
time when the tank is empty or H=0. The definite integrals on both side of the above

0 T

. S dH WA, . . .
equation becomes: - (j-=———==(=dt . After integration the result is:
H0«/29(H +h) A

_@& 012 - Jil=(9/0.01)212/9.81V2[ (9)V2- (6) V2 _
T-gxg\/;L/Ho h Jﬁ] (9/0.01)[2/9.8]"“[(9)"'~-(6)"] s=56 hours



Question 10 (10 Points) Statics
An uniform rod with mass m=2 Kg is suspended by a
rope DC inside a hole. The ends of therod A and E
are in contact with the frictionless wall of the hole.
The angle between the rod and the walls is equal to
60° as shown in Figure 10.
A weight of mass M=5 Kg is suspended from the
point B along the rod. Find

(@ thetension in the rope CD and

(b) the forces acting on the ends A and E of the
rod due to the walls.

Fig. 10

Solution
First draw the free body diagram for the rod as shown in the following figure.
Notice that the forces F1 and F2 on the ends
of the rod are perpendicular to the wall since
there is no friction.
(@) Equating all the vertical forces. T=tension
in the string=total downward
force=(m+M)g=7g N=68.6 N.
(b) Since there is no rotation the net torque on
the rod must be zero. If we take the moment of
all the forces around the point A we get:
Foa+T(0.1)=mg(0.2)+Mg(0.3) where aisthe
vertical distance between A and E and is equal
t0 0.4/[3]1/2 m or F»=51.1 N.

: Since there are only 2 horizontal forces acting
on the rod, they must be equal and force for static equilibrium of the rod or Fo=-F;.




