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MIDTERM 1 - PROBLEM 4 SOLUTION

1. PART A
What condition must be satisfied at the junction between materials 1 and 27
The rate of heat flow must be uniform throughout each component. As heat flow into

the junction must equal heat flow out of the junction, the heat flow must be uniform
throughout the composite material:

()-()

2. PArRT B

Determine Ty in terms of known quantities.

We now recall the equation for heat flow through a uniform material of heat conductivity
k, area A, length L, and temperature difference AT"

dQ  —kAAT

(2) L

Combining equations (1) and (2), we have:

—klA (T] — TL) . —kQA (TR — Tj)

71 To — X1
(3) ky (T — Tp) (w2 — 1) = ko (Tr — Tj) 21
ki (o —21) T — ky (w2 — 21) T, = ko1 TR — ka1 T
(k1 (x2 — x1) + ko] Tj = koxiTr + ki1 (22 — 21) T,

We arrive at our final expression for the temperature at the junction:
B k:gl’lTR + k?l (562 - 1‘1) TL

4 T, =
( ) J k1 (.732—2U1)+k2$1
1




2 MIDTERM 1 - PROBLEM 4 SOLUTION

3. ParT C

What is the rate of heat flow per surface area through region 17 Give its unit.

Applying equations (2) and (4), we have:

dQ\ _ —kA(T; - Ti)
dt 1 I
k1A
(5) = 2 (T, - T))
k1A < kox1TRr + k1 (xg - 331) TL>
_ T, —
k1 (z2 — 1) + komq

The rate of heat flow per surface area through region 1 is

dQ
(6) (dt)l _ Kk <T ki Tr+ Ky ($2—£U1)TL>
A xr1 kq (.CL'Q — $1) + koxq
In the SI system, this quantity has units of % or %.

It turns out that we can simplify this expression into a nicer form (this is not necessary
to get full points on the problem):

(f>L_h<fﬂm—xﬁ+kﬂwﬂ_kﬂﬂk+kM@—Iﬂﬂ)
A a I kil (xg — 1)1) + kgl’l L kl (.732 — .CC1) + kQIL’l
ke (kl (xg — 1) Tp, + ko1 Ty, — ko1 Tr — k1 (22 — 1) TL>
T m ki (xe — 1) + kaz
(7) ::kh( kou1 Ty, — ka1 TR >
1 \ k1 (x2 — 21) + ko

k1ko
= T, —T
(k‘l (l‘Q — 561) + k2I1> ( L R)

ki _ka

_ |z z—m

- ﬂ + ko A1—115015
1

T2—21

Keys

The expression in parentheses is the effective conductivity per length, s

4. PART D

Calculate ks for a temperature difference of (Tr — T7) = 30 K, a total thickness xo =
30 cm and a rate of heat flow per surface area of 10 W/m?. Applying equation 2, we have:



MIDTERM 1 - PROBLEM 4 SOLUTION 3

dQ
(8) (W)l _ —keps (Tr —T1)
A - €T
As the right side is at a higher temperature than the left side, the heat flow will be
negative (to the left):

—keps 30 K
~10 W/m? = L2 2
(9) W
kepp = 10 ——

m-K



Problem 5 Rubric

20 pts total

a- find W: 5 pts
e 2 pts for isochoric processes, 1 for W = 0, 1 for explanation
e 3 pts for adiabatic processes

b- find Q: 5 pts
e 2 pts for adiabatic processes, 1 for Q = 0, 1 for explanation
e 3 pts for isochoric processes

c- find AS: 5 pts
e 2 pts for adiabatic processes, 1 for AS = 0, 1 for explanation
e 3 pts for isochoric processes

d- find e 5 pts
e 2 pts for obtaining expression in terms of W’s and Q’s
e 2 pts for using PV" = constant

e 1 pt for simplifying final expression



Problem 5

e state a: pressure P, and volume V,

e state b: pressure P, and volume V}

e state c: pressure P. and volume V. =V}

e state d: pressure P; and volume V; =V,

e degrees of freedom: d=5 .. v = %‘2 =7/5

a- find W
e (a — b) and (¢ — d) are adiabatic
Q=0 AE=Q-W=-W
d

—d —d —
W= —AE = —-nRAT = = A(PV) = —(P;V; =~ PoVo) = g(POVO — P;Vy)

War = 2(PVa = BV))  Wea = 2(RYi — PaVi)
e (b— ¢) and (d — a) are isochoric
SdV =0 Wie =0 Wae =0
b- find @
e (a —b) and (¢ — d) are adiabatic, by definition
Qab =0 Qca=0

o (b—c)and (d — a)
Q = nC,AT for constant V

d d
Q= gnRAT = JVAP = gV(Pf —-Py)

) )
ch:§‘/b(Pc_Pb) Qda:§Va(Pa_Pd)
c- find AS

e (a—b) and (¢ — d)
0m0ns- [

ASg =0 AS.qg =0

Tf
AS — /dQ / d/2 anT gann (Tf)
2 T

5 P
isobaric . Ty/Ty = Ps/Py AS = -nRln (Pf)
0

e (b—c¢) and (d — a)

2

P, 5 P,
ASp. = In A — ZpRIn [ =2
Spe = nR (Pb> Sda 2nR n <Pd>



d- find e

Whet ~ Wap+Wea  (5/2)(PaVa — PoVy) + (5/2)(PeVy, — PaV,) — —Vo(Py — Po) + V(P — B)

Qin ch N (5/2)%<Pc - Pb) Vb(Pc - Pb)

For the adiabatic processes
P, V) =BV, — P, =BV, V]

P.V) =P;V] - Py =PV]) V] =PV, V)

Substitute expressions for P, and P, in efficiency expression above

o= VoV /V)(Pe = o) + Vi (Pe — P)
B Vo(P. — P)

Cancel out (P, — P,) and simplify

Vo —VVa (Vb>71 (Vb>2/5
e = — = ]_ —_ _— = ]_ —_
Ve



