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EECS 20. Final Exam Solutions 15 May 1999

1. 15 pointsAnswer these short questions and use the space below for your calculations.

(a) The solutions of the equationej4θ = 1 areθ =
Ans θ = 0, π/2, π, 3π/2.

(b) Expresscos 3θ andsin 3θ in terms ofcos θ andsin θ:

cos 3θ =

sin 3θ =

Ans

cos 3θ + j sin 3θ = ej3θ = [cos θ + j sin θ]3

= [cos3 θ − 3 cos θ sin2 θ] + j[3 cos2 θ sin θ − sin3 θ

So,

cos 3θ = cos3 θ − 3 cos θ sin2 θ

sin 3θ = [3 cos2 θ sin θ − sin3 θ]

(c) For whatreal-valuednumbersω is the functionx periodic:

∀n ∈ Ints, x(n) = cos ωn

and what is the period?

Ans x is periodic with integer periodp provided thatω(n + p) = ωn + 2πm, or
ωp = 2πm, or ω = 2πm/p for some integerm.

(d) The general form of the following matrix forn ≥ 0 is:[
1 1
0 1

]n

=

Ans [
1 1
0 1

]n

=
[

1 n
0 1

]
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Figure 1: An LTI system can be built using unit delays, gains, and adders

2. 15 points A LTI system can be built using unit delay elementsD, gainsα, and adders, shown
on top of Figure1.

(a) Express the relation between the input and output of the system in the lower part of the
figure in the form:

y(n) = a1y(n − 1) + · · · + aky(n − k) + b1u(n − 1) + · · · bmu(n − m),

i.e. determinek,m and the coefficientsai, bj for the system in the figure.

(b) Determine the frequency responseH(ω) of this system using the fact thaty = H(ω)u
whenu is given by∀n, u(n) = ejωn.

Ans From Figure2 we can see that

∀n, y(n) = 2y(n − 1) + y(n − 2) + u(n − 1) (1)

Sok = 2, m = 1, a1 = 2, a2 = 1, b1 = 1.

Suppose∀n, u(n) = ejωn, y(n) = H(ω)ejωn. Substituting in (1) gives

H(ω)ejωn = 2H(ω)e−jωejωn + H(ω)e−2jωejωn + e−jωejωn

So

H(ω) =
e−jω

1 − 2e−jω − e−2jω
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Figure 2: System of Figure1

3. 15 pointsConsider the difference equation system:

∀n, y(n) = 0.5y(n − 1) + u(n − 1). (2)

(a) What is the zero-state impulse response of this system?

(b) Use this result to obtain the zero-state impulse response of the system:

∀n, y(n) = 0.5y(n − 1) + u(n − 1) + u(n − 2). (3)

Ans The zero-state impulse response is

h(n) =
{

(0.5)n−1, n ≥ 1
0, n < 1

The zero-state impulse response of (3) is the same as the zero-state response of (2) to the
input u given by

∀n, u(n) = δ(n) + δ(n − 1)

and since the system is LTI, the response is

∀n, h(n) + h(n − 1)

whereh is given above.
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4. 15 pointsConsider the moving average system (with inputx and outputy)

∀t ∈ Reals, y(t) =
∫ 0.5

−0.5
x(t − s)ds.

(a) What is the impulse responseh of this system?

(b) What is its frequency response?

(c) Use the previous result to determine the responsey when the input is∀t, x(t) =
sin(ωt).

Ans The impulse responseh is the response to the Dirac delta function, so, using the sifting
property,

∀t, h(t) =
∫ 0.5

s=−0.5
δ(t − s)ds

=
{

1, if − 0.5 < t < 0.5
0, otherwise

The frequency responseH = FT (h),

H(ω) =
∫ ∞

−∞
h(t)e−jωtdt =

∫ 0.5

−0.5
h(t)e−jωtdt

=
e−jωt

−jω
|t=0.5
t=−0.5 =

sin 0.5ω
0.5ω

To find the frequency response to the signal∀t, x(t) = sinωt we writex as

x(t) =
1
2j

[ejωt − e−jωt],

so the response is

y(t) =
1
2j

[H(ω)ejωt − H(−ω)e−jωt]

=
1
2j

[
sin 0.5ω

0.5ω
ejωt − sin(−0.5ω)

−0.5ω
e−jωt

=
sin 0.5ω

0.5ω
sinωt.
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Figure 3: The graphs on the left are forT = 1/20000; the graphs on the right are forT = 1/12000.

5. 15 pointsLet x be a continuous-time signal with Fourier TransformX = FT (x), with

X(ω) =
{

1, |ω| < 2π × 8, 000 rads/sec
0, otherwise

Let y = SamplerT (x), Y = DTFT (y). Let w = IdealInterpolatorT ◦ SamplerT (x), and
W = FT (w).

(a) SketchX,Y, andW for T = 1/20, 000 sec andT = 1/12, 000 sec.

(b) For what values ofT is x = w?

Ans From Chapter 9, we know thatY is periodic with period2π,

Y (ω) =
1
T

∞∑
−∞

X(
ω − 2πk

T
), |ω| < π (4)

W (
ω

T
) =

{
TY (ω), |ω/T | < π
0, |ω/T | > π

(5)

ForT = 1/20000 there is no aliasing, andW = X. ForT = 1/12000 there is aliasing, and
soY,W are as shown.

There is no aliasing,W = X, if and only if T < 1/16000.
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Figure 4: The machine that realizesH

6. Construct a state machine withU = Y = {0, 1} whose response function is: IfH(u) = y,
then

∀n ≥ 0, y(n) =
{

0, if u(n − 3), u(n − 2), u(n − 1) = 000 or 010
1, otherwise

Ans The machine of Figure4 does the job.
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Figure 5: The machineN simulates machineM

7. 15 pointsFind a simulation relationS and show thatN simulatesM .

Ans The simulation relation is:S = {(A, a), (C, a), (B, b), (D, b)}. We can see from the
figure that if(x1, x2) ∈ S, then the output inx1 (in M ) is the same as the output inx2 (in
M2). And if f1(x1, u) = x′

1 andf2(x2, u) = x′
2, then(x′

1, x
′
2) ∈ S. Finally, the initial states

satisfy(A, a) ∈ S. SoN simulatesM .


