EECS 20. Midterm 2. November 6, 1998
Solution

1) 24 points. Consider a continuous-time signal x with the following finite Fourier series
expansion: for al t [J Reals,

4

X(t) = ;} cos(kaw,t)

where oy = 174 radians/second. Define Samplert: ContSgnals — DiscSgnals to be a sampler
with sampling interval T (in seconds). Define IdealDiscToCont : DiscSgnals — ContSgnals
to be an ideal bandlimited interpolation system. |.e, given a discrete-time signa y(n), it
constructs the continuous-time signal wwhere for all t 0 Reals,

w(t) = 3 y(nT)p(t-n)

k=—co
where the pulse p isthe sinc function,

:s'n(nt/T)
/T

a) Givean upper bound on T (in seconds) such that x = Ideal DiscToCont ( Samplert (x)).

b) Supposethat T =4 seconds. Give asimple expression for y = Sampler+(X).

¢) Forthesame T =4 seconds, give asimple expression for w = IdealDiscToCont (
Samplert(x)).

p(t)

solution to problem 1.

a) Thehighest frequency termisthe k = 4 term in the summation, which has frequency
4wy = Ttradians/second. By the Nyquist-Shannon sampling theorem, we have to sample
at asampling frequency at least twice this, or 2rtradiang/second or 1 Hz. This meansthat
the sampling interval must be at most 1/(1 Hz) = 1 second.

b) With T = 4 seconds we are sampling too slowly to avoid aliasing distortion. Solution:

4 2 o o 5 ifniseven
y(n):zcos(kwonT): cos(krm) =1+ (-D)"+1+(-)" +1= 1 ifnisodd’

¢) Theideal reconstructed signal will be the simplest, smoothest signal that passes through
the samples, which in thiscaseis
w(t) =3+2cos(7t/4).



2) 24 points. Consider an LTI discrete-time system Filter with impulse response h where for all
n O Ints,

7
h(n) = g o(n—k)
where J isthe Kronecker delta function. i

a) Sketch h.

b) Supposetheinput signal x: Ints —» Realsis such that for al n O Ints, x(n) = cos(wn),
wherew= 104 radiang/sample. Give asimple expression for
y = Filter(x).

c) Givethevaluefor H(w) forw= 14 radians/sample, where H = DTFT(h).

solution to problem 2:

a)
h(n)

1
T ! ! ! ! —»
-2 0 2 4 6 8

7

y(n) = i h(k)x(n-k) :Z x(n—k) = ;’cos((n -k)mr/ 4)

k=—00

b) The convolution sumis

Notice that for any n this sum covers one complete cyc_le of the cosine, and thus adds to
zero. Thus
y(n) =0.

An dternative technique that is a bit more laborious isto find H(w) and show that

it iszero when w=174. To do this, write
7

H(w) = ih(k)e‘j“k =5 e
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The easiest way to seethat thisis zero isto observe that thisis the sum of a set of
complex vectors arranged evenly inacircle. More formally, observe that

—jne—jn]J4 —_ _e-jn]J4

— 754 _ —jndl4 —jnl/l4 _
g 7t = g IR = @

because e'= —1. Thus, each of thefirst four termsin the sumis canceled by one of the
last four terms.

¢) If you used the alternative technique in (b), then you have already observed that
H(w) = 0when w = 174.



3

32 points. Suppose that the frequency response H of adiscrete-time LTI system Filter isgiven
by: for al w Reals,
H(w) = cos(2w)

where w has units of radians/sample. Give simple expressions for the output y when the input
signa x: Ints - Realsissuchthat for al n O Ints, is each of the following istrue:

+1 neven
A XM= odd

b) x(n)=5
¢) X(n) = cos(Tn/2)
d) x(n) = cos(Tn/4)

solution to problem 3:

4)

a) Thisinputissinusoidal with frequency Ttradians per second. Since H(1) = H(-m) = 1,
then y(n) = x(n).

b) Thisinput issinusoida with frequency 0, and H(0) = 1, so again y(n) = x(n).

c) Heretheinput frequency is 1v2. Since H(1W2) = H(-172) = —1, then y(n) = —x(n).

d) Heretheinput frequency is /2. Since H(174) = H(-174) = 0, then y(n) = 0.

20 points Let u be adiscrete-time signal given by: for al n O Ints,

1 0<n
u(n) = .
0 otherwise

Thisis caled the unit step signal. Suppose that a discrete-time system H that is known to be
LTl issuchthat if theinputisu, the output isy = H( u) given by: for al n O Ints,

y(n) =nu(n).
a) Find asimple expression for the output w = H( p) when the input is p given by:
fordl nInts,
|2 0=n<8
p(n) = {O otherwise’
Sketch w.

b) Find asimple expression for the impulse response h of H. Give a sketch of h.

solution to problem 4:

a) Note that p( n) = 2(u( n) — u( n—8)). Thus, if Ag isthe 8-sample delay system,

P=2(u- g (u)

By linearity and time invariance, it must be true that



w=2(y — Ag ().
Thus, for al n O Ints,
w(n) =2(y(n) - y(n-8))
=2(nu(n) —(n—-8)u(n-28))
2n 0<n<8
=<16 8<n
0 otherwise

Here is a sketch (actually, this sketch should be discrete...)
w(n)
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8
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¢) Observe that(n) = u(n) —u(n —1). Thush(n) =nu(n) - (n— Lu(n - 1) =u(n - 1).
Sketch:

h(n)
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