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MATH 126: MIDTERM 2, SPRING, 2000

Total score: 100 points.
Problem 1. The left end of a bar of length | is kept at temperature (), and its right
end is kept at temperature U. Its temperature att =0 is ${z) =0, 0 < = < {. Find
the temperalure of the bar fort > 0 as follows.

(i) (8 points) Find the steady state solulion ug of the heat equation with these
boundary conditions. That is, find a function ug = ug(z) on [0,1] which
satisfies ull(z) =0 for 0 <z <, ug(0) =0, uo(l) =U.

(ii) (7 points} Let v(z,t) = u(z,t)—uo{z). Using that u solves uy = kuzx, show
that v solves the same equation with homogenecus boundary conditions.
What initial condition does v satisfy (i.e. what is »(z,0))?

(iil) (10 points) Separate variables in vy = kvgg, and show that the general
solution with boundary conditions v(0,t) = 0= w(l,1) s

[v.)
o(z,t) = Z Br, sin(nﬂz/l)e_k"z"ztm.
n=1
You may use, without doing the calculation, that the eigenfunctions of
—d?/dz? on [0, 1], with homogeneous Dirichlet boundary conditions are {mul-
tiples of) X,(2) = sin(nnzfl), n > 1 inleger.
(iv) (10 points) Find the constants By.
{(v) (8 points) Find lim;cc u(z,t).
Problem 2. Let A = —d?*/da? defined on C? functions f on [0,1] which satisfy
mized boundary conditions: F(0) =0, f(I) =0.
(i) (10 points) Show that A is symmetric (with respect to the scalar product
(f,9) = f; f(a:)E(:n—)dm), and that it is positive.
(ii) (10 points) Find all eigenvalues and eigenfunctions of A.
(iii) (10 points} Using the results of (i)-(#), find

fo’ i ((Qn -;ll)m:) m ((2m ;Lll)ms) s

for non-negative integers n # m.
Problem 3. Consider the wave cquation ug = c2Ug, on the half-line z > 0 with
inhomogeneous Dirichlet boundary condition u(0,t} = h(t), h a given function.
Suppose that u(z,0) = 0 and w;(2,0) =0 for z > 0.
(i} (10 points) Show that u(z,t) =0 ift > 0, = > cf. Sketch this region.
(ii) (12 poinis) Find the solution u for all 2> 0,1 > 0.
(iii) (8 points) Suppose that h is 0 near t = 0, and is C™ except at a point
to > 0. Where can you say that u is C'°? Sketch the region.
You may use in any part of the problem that if v solves vy — s = [ on A,
the backward characteristic triangle from (z,1), then

vl —ct,0)+u(e+ct,0) 1 T , o1
viz,t) = 2 + EL—C: ve(z’,0) dz’ + QC_[,_\‘f'




