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Prof. Bjorn Poonen

Oclober 16, 2001

MATH 55 MIDTERM SOLUTIONS (white)

(1) (5 pts. each) For each of (a)-(g) below: If the proposition 1s true, write TRUE.
If the proposition is false, write FALSE. (Please do not use lhe abbreviations T and
F. since in handwriting they are sometimes indistiguishable.) No explanations are

H

required in this problem.

(@} The value of (—141) mod 8 is —5.
FALSE. The value of (—141) mod 8 is an integer between 0 and 7.

(b) The function 3n°logn + Sn(logn)® is O(nd).

TRUE. If ¢ > 0, then logn is O(n°), so 3n%logn is O(n?*°) and Snlogn)* is
O(nt+4). Thus 3n?logn + 5n(logn)* is O(max{n’T¢,nt™*}) for any ¢ > 0. In
paxticular, this holds for ¢ = 1/2, in which case we find that 3n? logn + Hnflogn)?
is O(n?).

(¢) The ceiling funciion f(z) = [#], considered as a function from R to IR, has
an nverse function.

FALSE. The ceiling function is not injective since [1| = [1/2], so it is delinitely
not bijective. Hence it has no inverse function.

{d) The set {1,2,3} x Z is counteble.
TRUE. One can list its elements in a sequence as follows:

(1,0),(2,0),(3,0), (1,1),(2,1),(3,1), (1,=1),(2,~1), (3, 1), (1,2),(2,2),(3,2), (1,-2),...

(e) The proposition Vz3y(z < y) is true, when the universe of discourse is the
set of natural numbers.

TRUE. In words, this says “For all natural numbers z, there exists a natural
number y that is at least as large as #.” Here’s a proof: Suppose z is a natural
number. Then there exists a natural number y such that < y, for instance y =
itself.

(f) The numbers 35,36, 37 are puirwise relatively prime.
TRUE. Their factorizations are

35=5.7, 36 =92 . 3%, 37 = 37,

50 10 prime appears in two or more of these numbers.
Alternatively, use the Fuclidean algorithm to check that

gcd (35, 36) = 1, ged(35,37) = 1, ged(36,37) = 1.

(g) There are infinitely many integers a satisfying both @ = 22 (mod 99) and
¢ = 25 (mod 100). (Hint: you don’t need to solve this system.)

TRUE. Since gcd(99,100) = 1, the Chinese Remainder Theorem applies, and
says that there is a unique solution modulo 9900. This means that there is a
solution & and that & + 9900k is a solution for any k € Z, so there are infinitely
many solulions.
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(2) (7 pts.) Find the hezadecimal (base 16) expansion of (270)sc. {Show your
work. )
Divide by 16:
270 =16 - 16 + 14,
The hexadecimal expansion of 270 equals the hexadecimal expansion of 16 with the
“digit” F = 14 attached at the end. But 16 = (10)1s, s0 270 = (10E)16.

(3) (15 pts.) Find two inteyer solutions to the congruence 3lz = 2 (mod 100).
{Ezplain how you are solving the problem as you go along. )
First run the Fuclidean algorithm on 31 and 100:

100=3-31+7
31=4.743
7T=2-3+1
3=3.1

Thus ged{100,31) = 1, and working backwards we can express 1 as an integer linear
combination of 100 and 31:

1=7-2-3
=7-2(81-1-7)
=9.7-2(31)

= 9(100 — 3 - 31) — 2(31)

= 9(100) - 29(31).
Thus

(—29)(31) =1 (mod 100);
in other words, —29 is an inverse of 31 module 100. The original congruence is then
equivalent to
(—29)31z = (—29)2 (meod 100),

which is equivalent to

x = —5H8 {mod 100).
Thus —58 is a solution, and we can get other solutions by adding multiples of 100.
In particular —58 and 42 are solutions. (These can be checked by plugging these
into the original congruence.)

(4) (10 pts.}) Find the prime factorization of 565. (Ewplain how you are solving
this problem. If you claim that a number is prime, explain why.)

Begin trial division: 565 is not divisible by 2 or 4 but it 1s divisble by 5. In
fact 565 = 5 - 113. Now we continue the trial division on 113, starting with the
test whether it is divisible by 5. It is not divisible hy B, noi divisble by 7, and
the next prime 11 is greater than /113, so 113 must be prime. Thus the desired
factorization is 865 =5 - 113.
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(5) (8 pts.) Is the compound proposition {(p — q) A (g = 7} logically equivalent to
p— r? Ezplain.

NO. Suppose pis F, gis T, and ris F. Then ¢ — ris F,s0 (p = ¢} A{g = 1) is
F. On the other hand, p — r is T.. (A more systematic way to do the problem is to
write down the truth table for both compound propositions and observe that they
do nol always have the same truth value.) NOTE: It s true that (p —+ ¢} A (g — 7)
implies p — v: this is what is behind the rule of inference called “hypothetical
syllogism.” But it is not true that p — r implies (p = g) A (g = 7).

(6) (15 pts.} Suppose that f is an injective function from the set A to the set B,
and that § 1s o subset of A. Prove thal f~'(f(8)) = 5. (Recall that “injective”
means the same thing as “one-te-one”, and recall that for T' C B, F=H(T) is defined
as{xcA:-flz)eT}.)

We first show that f~1(f(S)) € S. Suppose z € F-YF(5)). By definition of
inverse image, Lhis means that f(z) € f(5). By definition of f(§), this means that
F(z) = f(a) for some a¢ € S. Since f is injective, f(z) = f(a) implies that z = a.
Since a € S, we have ¢ € S. In other words, any element @ of f~!(f(%)) also
belongs to 8, so f1(f(S)) C S.

Next we show that § € F~1(F(S)). Suppose that z € S. Then f(x) & f(5),
by definition of F(). Since f maps = into f(5), it follows by definition of inverse
image that = € f~*(f(S)). Thus S C f1(f(5)).

Since each of § and f~1{f(5)) is a subset of the other, they are equal.

(7Y (10 pts.) The sequence ag, a1, 3, . . . is defined recursively by ag = 1 and an4, =
da, — 1 for n > 0. Prove that ap, = (3™ + 1)/2 for all integers n > 0.

We will prove the statement by induction on n. The base case, n = 0, holds,
since ag = 1 and (30 +0/2={(1+1)/2=1.

Now for the inductive step. Suppose that »n > 0, and that a, = (3™ +1)/2is
known. Then

an+1z3an—1:3(

3" +1 _1_3-3”+3—2___3“+1+1
2 - 2 T2

as desired.
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Prof. Bjorn Poonen
October 16, 2001

MATH 55 MIDTERM SOLUTIONS (yellow)

(1) (5 pts. each) For each of (a)-(g) below: If the proposition is true, wrile TRUE.
If the proposition is false, wrile FALSE. (Please do not use the abbreviations 1 and
F, since in handwriting they are somelimes indistiguishable.) No explanations are
required in this problem.

(a) The set {0, 1} of bit strings of finite length is a countable sct.
TRUE, because one can list all the bit strings in a sequence, by listing all bit
strings of length zero, then all of length one, and so on:

A,0,1,00,01,10,11,. ..

Alternatively, {0,1}* can be viewed as a subset of the set of all finite strings of
typewriter symbeols, which was shown in class to be countable.

(b) The proposition Ju¥y(x > y) is true, when the universe of discoursc is the
set of natural numbers.

FALSE. In words, this says “There is a natural number & that is greater than or
equal to all natural numbers y,” which is false.

Alternatively, we can prove the negation, Yzdy(2 < y), as follows. Suppose that
# is a natural number. Then there exists a natural number y such that = < y,
namely y = 2 + 1.

(¢} The numbers 34,35, 36 are pairwise relatively prime.
FALSE, because ged(34,36) = 2.

(d) There are infinitely many integers z satisfying both x = 12 (mod 99} and
z =16 (mod 100). (Hint: you don’t need to solve this system. )

TRUE. Since ged(59,100) = 1, the Chinese Remainder Theorem applies, and
says that there is a unigue solution medulo 9900. This means that there is a
solution b and that b 4 9900k is a solution for any k € 7, so there are infinitely
many solutions.

(e) The function 3n*logn + bn(logn)* is O(n?).

TRUE. If ¢ > 0, then logn is O(n®), so 3n?logn is O(n*t°) and 5n(logn)” is
O(n!t¥e), Thus 3n*logn + 5n(logn)? is O(max{n®**, n'*%}) for any ¢ > 0. In
particular, this holds for ¢ = 1/2, in which case we find that 3n? log n + 5n(logn)*
is O(n").

(f} The floor function f(x) = |z|, considered as a function from R to R, has an
inverse function.

FALSE. The floor function is not injective since |0] = |1/2}, so it is definitely
not bijective. Hence it has no inverse function.

(g) The value of (--133) mod 9 is —T7.
FALSE. The value of (—133) mad 9 is an integer between 0 and 8.
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(2) (8 pts.) Is the compound proposition (p — q) A (¢ — 7) logically equivalent to
p— ¥ Ezplain,

NO. Suppose pis F, qis1', and 7 is F. Then ¢ — ris F,s0 (p =+ g)A(g = r) is
F. On the other hand, p — r is T'. (A more systematic way to do the problem is to
write down the truth table for both compound propositions and observe that they
do not always have the same truth value.) NOTE: 1t is true that (p — ¢) A (g = 7)
gmplies p — v this is what is behind the rule of inference called “hypothetical
syllogism.” But it is not true that p — » implies (p = ¢) A{g = 7).

(3) (10 pts.) Find the prime factorization of 539. (Ezplain how you are solving
this problem. If you claim that a number is prime, ezplain why. )

Begin trial division: 539 is not divisible by 2, 3, 5, but is divisible by the next
prite, 7. In fact 539 = 7. 77. Now we continue the trial division on 77, starting
with the test whether it is divisible by 7; it is: 77 = 7-11. Now 11 is prime, since it
has no divisors less than 4/11 < 4. Thus the desired factorization is 538 = 72.11.

(4) (7 pts.) Find the heradecimal (buse 16) expansion of (269)10. (Show your
work. )
Divide by 16:
269=16:16+13.
The hexadecimal expansion of 269 equals the hexadecimal expansion of 16 with the
“digit” D = 13 attached at the end. But 18 = (10}15, so 269 = (10.0);¢.

(5) (15 pts.) Find two integer solutions to the congruence 3lz = 4 (mod 100).
(Explain how you are solving the problem as you go along.)
First run the Euclidean algorithm on 31 and 100:

100=3-3147
3=4.7+3
7T=23+1
3=3-1.

Thus ged (100, 31) = 1, and working backwards we can express 1 as an integer linear
combination of 100 and 31:

1=7-2-3
=7-2(31-4-7)
=9.7-2(31)

= 9(100—3-31) — 2(31)

= 9{100) — 29(31).
Thus

(—29)(31) =1 (mod 100);
in other words, —29 is an inverse of 31 modulo 100. The original congruence is then
equivalent to
(—29)31z = (—29)4 (mod 100},

which is equivalent to

z=-16 (mod 100).
Thus —186 is a solution, and we can get other sclutions by adding multiples of 100.
In particular —16 and 84 are solutions. (These can be checked by plugging these
into the original congruence.)
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(6) (10 pts.) The sequence ag,ay,az, ... is dofined recursively by ao =1 and a1 =
3an — 1 for n > 0. Prove that a, = (3" 4+ 1)/2 for all integers n > 0.

We will prove the statement by inductior on n. The base case, n = 0, holds,
since ag =1 and (3°+1)/2=(1+1)/2=1.

Now for the inductive step. Suppose that n > 0, and that a, = (3™ +1}/2 is
known. Then

an+1:3an—1:3(

as degired.

3ﬂ+1)_1 3.3"43-2 3"l
- 9 - 2

(7) (15 pts.) Suppose that f is a surjective function from the set A to the set B, and
that S is a subset of B. Prove that f(f~1($)) = 8. (Recall thot “surjective” means
the same thing as “onto”, and recall that f~1(S) is defined as {mw € A : f(z) €S }.)

We first show that f(F~1($)) C S. Suppose z € f(f~1(S)). By definition of
image, z = f(y) for some y € F~1(S). By definition of f1(S5), we have f(y) € S.
Thus « € 5. In other words, any element @ of f{f~1(5)) also belongs to 5, so
sy cs.

Next we show that § C f{f~1(5)). Suppose that z € S. Since f is surjective,
there exists a € A such that f(a) = 2. By definition of f~*(S), we have a € f~*(5).
Since z = f(a), we then have z € f(f~1(9)). Thus § C F(f~1(5))-

Since each of § and f(f~"(5)) is a subsct of the other, they are equal.



