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1.

Math 110, FINAL Exam, W.Arveson
Wednesday, 12/11/96, 12:30-3:30PM, 306 Lacmnen.

There are 100 points total. The point value of each problem is indicated.

(10 points)
Give an example of a 3 x 3 matrix A for which A% # 0 but A®=0.

{15 points)
Let (V,{- ,-)) be a real or complex inner product space and let T € L(V).
(a) Define the adjoint operator T™.
(b) Let M be an invariant subspace for M. Show that M~ is invariant under T™.

(25 points)
A real n x n matrix A = (a;;) is called skew symmetric if
aji = =Qij
for alli,7 =1,2,...,n. Fix such a matrix A, and consider it to be a linear operator

acting by multiplication on column vectors in the inner product space R™, where
< T,y >=T11 + T2y2 + - - - + Tpin.

(a) Let x € R™ and let ¢ € R. Show that the norm of every vector of the form
T + cAx satisfies the inequality

llz + cAz]| = [l

(b) Deduce that A has no {real) eigenvalues other than 0.

(c) Show that U = (1 + A)(1 — A)~* is well-defined, and satisfies the equation
U*U =1.

(d) Deduce that U is an isometry: ||[Uz|| = |z|| for every = € R™.

(10 points)
Let T be a linear operator from R? to R? such that
ranT = {(z1,Z2,T3,T4) : T3 = T3,and T2 = T4}.
Show that T is one-to-one.
(10 points)

Let V be a complex vector space of dimension n and let T' € L(V'} be an operator
having only a single eigenvalue A. Show that T' must have the form

T=M4+S5
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where S is an operator satisfying 5™ = 0.

6. (10 points)
Find a polynomial f € Pz such that f(0) =0, f/(0) =0 and

1
f 1243t — F(8)[2 dt
0

is as small as possible.

7. (20 points)
Let V be a finite dimensional complex vector space, let T € £(V) and let

plz) =ao +ayz+--- +an2"

with complex coefficients.

(a) Show that if A € C is an eigenvalue of T then p(A} is an eigenvalue of p(T).

(b) Show that if u is an eigenvalue of p(T') then there is an eigenvalue A of T such
that u = p(A).
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