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MATH 121B: FINAL, SPRING, 2000

There are six problems on this exam. Do problems 1-4, and one of problems
5-6. If you choose to do both problems 5 and 6, your final score will be the sum of
your total score on problems 1-4, and the higher one of your scores on Problems 5
and 6.

Total score: 175 points.

Problem 1. /n spherical coordinates arclength is given by
ds? = dr? + r2 d6® + r2sin? 8 dg°.

(i) (10 pownts) Set up the Buler-Lagrange equation for a geodesic on the cone
? = o, a a constant.

(i) (10 points}) Find the first integral of these equations, and write it in the
formdd/dr=....

(iii) (7 points) Show that the functions @d(r) = ¢o, ¢o a constant, solve this
equation. What curves on the cone are the corresponding geodesics?
{iv) (8 points) Solve the first order ODE d¢/dr = ... that you obtained in ().
(Hint: change variables in the integrul.)
Problem 2. Consider the ODE
22y’ + 22y + (22 — 2)y = 0.

(i) (20 points) Using Frobenius' method of generalized {fractional) power series
{around x = 0), find twe linearly independent solutions of the ODE. State
ezplicitly the leading power of the power series, as well as the recursion
relations for the coefficients.

(ii) (15 points) Let y = =~/ 2y, Substituting y into the ODE, obtain an ODE
for w. What are its solutions? (Hint: look at the Bessel ODE!)

Problem 3. We wish to find the steady state temperature u inside a sphere of radius
o whose surface is kept af a given femperature uy = ug(#, ¢). (The Laplacian mn
spherical coordinates is given among the formulae. )

{i) (15 poinis) Separating v and the spherical variables, show thot the general
soluteon of Au = 0 inside the sphere is given by

u - Z Z P (cos 0) (Ams cos{md) + By sin(mé)).

m=0i{=m
(it) (10 points) Suppose ug is independent of ¢. Iind the constants Ay, By
in terms of ug. Your answer should read Ay = ... where Ay and By do

not appear on the right hand side.
(ili) (10 points) Now suppose uo(f, ¢) = cos® 0. Find u explicitly.
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Problem 4. Using the method of finite elements, solve (approvimaotely} the equa-
tion —Au = [ n a disk D of radius 3, with v = 0 on the boundary of I, and f =1

on D). More specifically, divide up an approzimation of the region D into small
triangles (elements) as shown, with the interior vertices lobelled as Aj. j=1,...4.

A7
%

| Semnpgtty
2
Recall that on an element with vertices A, B and C, as shown below, the element
malriz ke s fr - C C

1 =12 —1/9] & "
ke={-1/2 172 0 |8 "7
-2 0 12]C¢ a @
(i) (7 points) Show that the weak form of the b’DE is Qu,v) = 0 for all v
satisfying the boundary condition, where

Audbv Oudv
Q(u.v)m./‘/n [5;5;+6_y@_vf] dz dy.

(i} (10 points) ForU in our space of trial functions (i.e. U(z, ¥} = S UT(z ),
where T is linear on each element, continuous on D, vanis:es on the bound-
ary of D and at every interior verter except A;, where il is 1), v = Tj,
j=1,...,4, the above expression gives the matrix equation KU = F. Here
UT == {le s .U4], UJ = U(AJ)

Using the k. given above, or otherwise, show that the matriz K s
4 -1 -1 0
. -1 4 0 -1
E=1t1 0 4
0o -1 -1 4

(ili) (8 points) Approzimating the integral over each element by the arca of the
element times the value of the integrand at the centroid, find F. (Reenll
that a linear funclivn on a briangle, eveluated af the centroid of the trangle,
gives the averaye of its values at the three vertices.)

{iv) {10 points) Solve KU = F to find the value of U{z, y) at the vertices. (Hint:
you can simplify your task by noticing that some U; will be equal fo each
other.) What is U al the origin?
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Problem 5. We wish to solve Au = —f on a disk D of radius @ with u = 0 on
the boundary of the disk, where f is a given function. (This problem represents,
for example, finding the steady stale lemperature in a metal plate that has a heat
source in it. represented by f: the Laplacian in polar coordinates is given among
the formulae ) Proceed as follows.
(1) (15 points) First, using separation of variables, find the eigenfunctions and
eigenvalues of A on D with homogeneous Dirichlet boundary conditions,
i.e. find A and u such that Av = Ay, and u=0 when r = a.
(i) (5 points) If upm are the eigenfunctions with Aupm = —Anmiinm, find Au
Joru=73" CamUnm.
(ili) (8 points; Substitute u = Y. Camlinm into the PDE, —Au = f, and
obtain an equation ezpressing ¢nm in terms of f. Your result should state
Cnm = ..., where the constants ¢y do not appear on the right hand side.
(iv) {7 points) If f =1 on D, find cpp, explicitly in terms of values of the Bessel
functions (1.e. expressions such as Jy(k) con appear in your answer. ).

Problem 6. We wish to solve the heat equation g—;—%— = %% on the real line, R,

with given initial temperature u(z,0) = ¢(z), ¢ given. Proceed as follows.
(i) (7 points) Show directly from the definition of the Fourier lransform (see the
formulae sheet for the normalization) that if f is a differentiable function
which decays suffictently at inifinity {and the same holds for ils derivative)

then
(FFE) = E(Ff)E).

(i1} (8 points) Suppose that u solves the heat equation given above. Fourier
transform u in the x variable, and show that the heat equation becomes an
ODFE. What is the initial condition for the ODE?

{iii) (& points} Show that the solution of the ODE is

UE, ) = 7 G(E);
here u is the Fourier transform of u in z, eic.
(iv) {7 points) Take the inverse Fourter transform of this result, and obtain u
in terms of .
(v) (8 points} If p{z) = e~ 714, find u explicitly.

doos
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USEFUL FORMULAE FOR MATH 121B FINAL, SPRING, 2000

The Laplacian in polar coordinates is (r,8) is

v _ Bu  _,0%
Amzu = b?j +r E +r W
The Laplacian in spherical coordinates (r,8,¢), 0 <8 <, 0 < ¢ <2, is
2 u
Ags = d"u + 2771 + r—zAgz,

or? ar

where Ag: is the Laplacian on the sphere, i.c. it does not involve r or a . The ‘sepa-
rated’ eigenfunctions of Aga are (finear combinations of} upy = P"(cos §) cos(mg),
vt = P/™(cos 0) sin(me), with eigenvalue Agarttmt = —L({{ + )umy, and similarly for
24i. The first. few Legendre polynomials are

1 . 1
Bz =1, Pi(z) =z, Palx) = 5(31“2 ~1), P4(z)= 5(53:3 - 3z).
The Legendre polynomials satisty

f P ds = gy

The Bessel functions y = J,(z) solve the ODE
22" +zy' + (&2 - PPy =0,
and they satisfy c!ia:[.rPJp(al:)] = zPJp-1(z). In addition,
[+
f Jo(kr/a)r dr = a* g (K)?/2
0

where k > 0 is a zero of J,. The Fourier transform on R is

(FFE) = f&) = f e~ f(x) dz,
)
and then the inverse Fourier transform is

Fraw =5 [ eate)de,

27 J o

1t satisfles
FOE) = (F(7 )€, (Fro)(z) = f Fz ~ gy dy
In addition, if f{z) = e~<"%", ¢ > 0, then

fl&) = [Oo e e~ dp = ﬁe_fzf(“z).
—e c

In particular, taking £ = 0,



