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Closed Books and Closed Notes
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Useful Formulae

For all the corotational bases shown in the figures
e; = cos(0)E; +sin(6)E,,
e, = cos(0)E, —sin(f)E,. (1)

The following identity for the angular momentum of a rigid body relative to a point P will also
be useful:
HP=H+()‘c—xP)><m\7. (2)

Finally, recall that the work-energy theorem of a rigid body which is subject to a system of K
forces and a pure moment M,, is

K
T=SFi-vi+ M, w. (3)

i=1

Here, v; is the velocity vector of the point where the force F; is applied.




Question 1
A Particle in a Tube

As shown in Figure 1, a particle of mass m; is free to move inside a long tube. The particle is
connected to a fixed point O by a linear spring of stiffness K and unstretched length Ly. The
end of the tube at O is fixed to a drive shaft which is spun with an angular speed €(t). The
contact between the particle and the tube is smooth. In addition to normal forces, a vertical
gravitational force —m;gE, acts on the particle. The tube has a mass my, moment of inertia
(relative to its center of mass) I,,, and a length 2L.

Circular tube

Drive shaft

Applied moment M,E, e ;) i) ’ P

Figure 1: A particle of mass m; is attached to a fixed point by a linear spring. The particle moves inside a long
tube which is being rotated about O with an angular velocity QE,.

(a)~(8 Points) Assuming that the position vector x; = ze, of the particle and the position
éctor of the center of mass of the rod is X, = Le,, show that the linear momentum of the
system is

G = mize, + (mix + moL) éey, (4)
where § = Q.

( (6 Points) Establish expressions for the kinetic energy of the system and the angular
fmomentum of the system relative to the point O. -

) (6 Points) Draw free-body diagrams of the system, the tube, and the particle. Give clear
bxpressions for the spring force and normal force.

(5 Points) Show that the equation governing the motion of th article is
mI — mla:Q2 =-K (.’L' — L()) . /p

ent M E, which is applied to rotate the tube is

1

M, =| (Izz gt m1m2) Q + 2m 2. (6)
t¥1

(5 Points) Star
afe the tube is

(5)

In addition, show that th

fom the work-energy theorem show that the power P needed to

d /1 1 K
= % (5 (Izz +- m2L2 + m1$2) Q2 + §m1$2 + E' (:I’. =i LO)Z) : (7)
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Question 2
A Rolling Rigid Body

As shown in Figure 2, a circular cylinder of radius R, mass m, and moment of inertia (relative
to its center of mass) I,, is attached to a fixed point A by a linear spring of stiffness K and
unstretched length Lo. The other end of the spring is attached to a point B on the cylinder.
The position vectors of A and B have the representations

x4 = hEy, Xp = X + hey, (8)

where % is the position vector of the center of mass C of the cylinder.. The cylinder is assumed
to roll without slipping on a horizontal surface.

Linear spring

Cylinder of radius R

Rough horizontal plane

Figure 2: A rigid cylinder of mass m and radius R is attached to a fixed point A by a linear spring. The body
rolls without slipping on a horizontal surface.

a) (5 Points) Starting from the result vo = vi +w X (x9 — x;) for any two points on a rigid
body, show that the velocity vectors of the center of mass C and the instantaneous point of
contact P have the representations

v=iB,, vp=(i+R))E, (9)
where w = 0E, is the angular velocity of the rigid body.

(5 Points) Draw a free-body diagram of the rolling rigid body. Give a clear expression
for the spring force.

NSWER EITHER (c) OR (d):
(c) (15 Points) Using balances of linear and angular momentum, show that the equation

governing the motion of the cylinder is
Ke
+ Lo
where € is the extension of the spring.

(z (R + hcos(8)) — hsin (8) (h + R)), (10)

(Izz + mRz) 6= a

(d) (15 Points) Consider the case where h = 0. Using balances of linear and angular
momentum, show that rolling can occur provided

‘( I )Kex
I, +mR?) e+ Ly

and p; is the coefficient of static friction. Using (11), determine the range of values of z for
which slipping will occur.

< psmg, where € = |z| — Ly, {11)




Question 3
An Imbalanced Shaft

As shown in Figure 3, a shaft of mass m1, radius R and length 2L is imbalanced by the presence
of two rigidly attached particles, each of mass 2. The shaft is driven into rotation about the

E, axis by an applied torque T,E,.
O
oy
m2
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2
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Figure 3: An imbalanced shaft-particle system which is free to rotate about the E, axis and is supported by
bearings at A and B.

The center of mass of the shaft and the shaft-particle system are coincident and are both
assumed to be stationary. The angular momentum of the shaft relative to its center of mass C
is

I,,0E,, (12)
and the position vectors of the particles relative to the center of mass C have the representations

x; — X =aE, + re,, Xy — X = —aE, — re;,. (13)

(8 Points) Show that the angular momentum H of the system relative to the center of
mass C of the system has the representation

H= (Izz + m2r2) 0E, — mzaréem. (14)

Points) Draw a free-body diagram of the system.
(5 Points) Show that the angular speed of the shaft is governed by the equation
(L. + mar?) 6 = T,. (15)

By varying T, and measuring 6(t), is it possible to detect the imbalance?

/ (7 Points) Assuming that 6 is constant, Verify that the bearing forces are
m,+ mg —maarw?
Rs, = __1_> e PR s
my+m —moarw?

where 0 = wy.




Question 4
A Ruigid Body Sliding on a Smooth Rail

As shown in Figure 4, a rod of mass m, moment of inertia (relative to its center of mass) [,
and length 2L is connected by a roller of negligible mass and inertia at a point P. The roller is
free to move on a smooth rail. The rail is inclined at an angle ¢ to the horizontal. A vertical
gravitational force acts on the rod.

Figure 4: A rod of mass m which is moves on a smooth rail. The point P of the rod is free to translate along
the rail and the rod is free to rotate about P.

(3) (8 Points) If the position vectors of the center of mass C of the rod and the point P are
X = Le; + xp, xp = zE,, (17)
respectively, then show that the velocity vector of the center of mass has the representation

V= (—Lé sin (6) + :I:) E, + Lf cos () E,. (18)

K/y/( 7 Points) Show that the angular momentum of the rod relative to P and the kinetic

hergy T have the representations
J’/ = (Izz - mL2) 0E, — mLisin (0) E,,
1 . . sr B s
(/ﬂ 5 (L2 + mL?) 62 + ma? — 2maLisin (6)). (19)

W Points) Draw a free-body diagram of the rod.
(d) (7 Points) Show that the equations governing the motion of the rigid body are
% —mLfsin (0) — mLO? cos(#) = mgsin(¢),
(Izz + mL? cos? (9)) 6 — mLe? cos (0)sin{f#) = —mgLcos{6)cos(¢). (20)

()" (5 Points) Give a clear explanation of why Hp % Mp, where Mp is the resultant moment
elative to P. \ ‘ -
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