CS 70 Discrete Mathematics for CS
Spring 2008  David Wagner MT 2 SOlIl

Midterm 1 Sample Solutions
Problem 1. [True or false] (H points)

(a) or FALSE: Let P(x) be any polynomial of degree 10 with integer coefficients. TRex) has at
most 10 roots modulo 19.

(19 is prime, so we can apply fact 1 about polynomials.)

(b) TRUE or| FALSE]: Let P(x) be any polynomial of degree 10 with integer coefficients. TRer) has at
most 10 roots modulo 20.

(20 is not prime, so fact 1 doesn’t apply. For instance, consider the polynomial P(x) = 10x(x— 1)(x—
2)---(x—9). Clearly 0,1,2,...,9areall roots, but 10 isalso a root. So there are at least 11 roots even
though P(x) has degree 10. In fact we can get a sharper counterexample: Q(x) = 10x(x — 1) has 20
roots but its degreeisonly 2.)

(c) or FALSE: There is a unique polynomidl(x) modulo 5 of degree at most 1 such tiR{fl) =
2008 (mod 5 andP(2008 =1 (mod 5.
(Reducing mod 5, the listed conditions are equivalent to P(1) =3 (mod 5 and P(3) =1 (mod 5.
Snce 5isprime, we can apply fact 2 about polynomials.)

(d) TRuEor|FALSE | There is a unique polynomi&(x) modulo 5 of degree at most 1 such tRg8) = 123
(mod 5 andP(123) =3 (mod 5.
(Reducing mod 5, we get only that P(3) = 3 (mod 5. Thus, P(x) = 3 and P(x) = x both satisfy this
condition.)

(e) or FALSE: Let f(n) denote the maximum number of edges that an undirected grapmwith
vertices can have. Thef(n) € O(n?).
(There can be only 1 edge between every pair of vertices. If we allow self-edges, there are n? possible
edges by counting. If we don't, there are less.)

(f) TRUEor|FALSE]: There are exactly’y) 10-bit strings that contain at most three 1-bits.
((%9) only counts the 10-bit strings that contain exactly 3 1-bits.)

) or FALSE: There are exacth?251<%0 ways to select three cards from a standard deck of 52
cards, if the order in which we select those three cards doesn’t matter.

(If order doesn't matter, then there are (%) = 52150 ways to select three cards.)
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(h) TRUE or[FALSE | There are exactl?251<%0 ways to select three cards from a standard deck of 52
cards, if the order in which we select those three cards matters.

(If the order matter, then there are 52 permute 3 ways to choose the cards. That's 52 x 51 x 50.)

(i) TRUEOr|[FALSE[ If the eventsA andB are independent, then it is guaranteed th&ABiB] = Pr{A] +
PrBl.

(PAUB] = Pr{A] + Pr{B] istrueiff A,B are digoint. Independent events do not have to be digoint.)

() or FALSE: If Pr[A] # 0 and PjB| # 0 and PJA|B] = Pr]A], then it is guaranteed that[BfA] =
PrBl.

(By assumption, Pr{A] = PrfA|B] = 228 55 P{ANB] = Pr[A] x Pr{B]. Then PrB|A] = PI22B] — p(iB).)

“PrBl PIA]
(k) or FALSE: If Pr[A] # 0 and PfB| # 0, then it is guaranteed that[BfA] = } x PrlA[B].
(This follows via similar algebraic manipulation as the last problem. In particular, Pr{B|A] = PE%B] =
PI’[A‘PBI][:]PI'[ ] E::[[ﬁ% % PI’[A| B]

Problem 2. [Proofs and polynomials] (11 points)

Define the sequend® (x),P>(x), ... of polynomials as followsP; (x) = x+ 12, P»(x) = x? — 6x+ 5, and

Prr1(X) = XPn(X) — Pr—1(X) foralln> 2.

(@) Fillin the blank:P(5) =
(b) Fillin the blank:P,(5) = 0 |

(c) Fillin the blank:Ps(5) =| 5x Py(5) — P1(5) =5x 0— 17 = —17 |

(d) Prove thaf,(5) =0 (mod 17 for every integen > 1.
Solution: Proof by strong induction over.
Base cases: If n=1, thenPy(5) = 17=0 (mod 17 (see part (a)). I|h= 2, thenP»(5) = 0 (see part
(b))
Inductive hypothesis: Suppose tha®;(5) =0 (mod 17 for j =1,2,.
Inductive step: Supposen > 2. Applying the definition from the problem statement and the inductive
hypothesis, we find thd, ,1(5) =5x Py(5) — P,-1(5) =5x0—-0=0 (mod 17.

(e) Letqbe a prime number. Prove that the polynonigabs(x) has at most 2008 different roots modajo
Solution: First, we prove that the polynomig}(x) is of degree n.
Claim: degP,(x) =nforalln> 1.
Praoof: We use proof by strong induction over
Base case: If n= 1, thenP;(x) = x+ 12 has degree 1. if = 2, thenP,(x) = x> — 6x+ 5 has degree 2.
Inductive hypothesis: Suppose tha®;(x) has degreg for j =1,2,...,n
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Inductive step: Supposen > 2. By the definition ofPh.1(X), Pir1(X) = XPa(X) — Ph—1(X). SincePn(x)

has degrea by the inductive hypothesigP,(x) has degrea+ 1. Similarly, P,_1(x) has degrea — 1.

Thus, the coefficient fax"* term inP,_1(X) is 0 and henceR, 1(X) = XPh(X) +Ph_1(X) is a polynomial
of degreen+1. O

Since 17 is prime, we can use fact 1 about polynomials. It followsRhad has at mosh roots for
everyn.

Alternate solution: We can prove that dégj(x) < nfor all n> 1, and then everything else is as before.
The proof of this fact is slightly easier, since we don’t have to worryuabte possibility that subtracting
Ph—1(x) from xP,(x) might reduce the degree to less thanxi@gx)—if it does, that's not a problem.

Problem 3. [Pro]oa]oility] (18 points)

The card game Euchre is played with a deck of 24 cards consisting of anl§, th0, J, Q, K, and A of
each suit (i.e., we start with an ordinary 52-card deck and remove tts 2aB). The J, Q, K, and A are
considered face cards. There are four players, Debbie, Evek,Fand George. In this problem, show your
work. You can leave your answer as an unevaluated expression.

(a) Debbie, the dealer, shuffles the deck randomly, so that all ordesiregequally likely. How many ways
are there to order the deck of 24 cards?

Solution: 24!

(b) After shuffling the deck, Debbie deals five cards to each playeralliFikEve turns up the top card
remaining and puts it in the middle of the table. What is the probability that the carduEned up is
an ace (A)?

Solution: Let A be the event that the card Eve turned up is an ace. The sample spxdhésset of all

possible orderings of the deck. Since all sample points have unifornalpititi, Pi{A] = % =423 -1

Alternate solution: Alternatively, we can consider the sample space to have just 6 sample points,
namely the value (not caring about suit) of the top card of the remaining pitesyBimetry, each of
these outcome should be equally likely. Hence, the probability of one outcqomt és

(c) What is the probability that Frank is dealt a hand with no face cards?
Solution: Let F be the event that Frank is dealt a hand with no face cards.
We can let each sample point be an ordering of the cards. There arefacecards, so the number of
sample points i is (8-7-6-5-4) - 19! since there are 8 ways to choose the first card in Frank’s hand,

7 ways to select the second card, and so on. And finally, ther@d4re5)! ways select the cards not in
Frank’s hand. Therefore,

_|F| _(8:7-6-5-4)-19! 8:7-6-5-4

PF] = | = = :
F] Q] 24 24.23.22.21-20

Alternate solution: We can let each sample point be a possible hand that Frank gets, i.e.,fa set o
cards (ignoring the order in which he got them). Th&nh= (254) and each sample point has uniform
8

probability by symmetry. Thus, f¥] = % = %

5
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Alternate solution: We let the sample space be the sequence of cards that Frank gets, idehbeor
gets them. ThefQ| = %; Then we can define everfis = Frank’s first card is not a face carey =
Frank’s second card is not a face card, and so on. Then,

PIF] = Pi{FL N RN FaNF4NFs] = PrFy] PR Fy] - - PFs|FL NP NP3 NPy = — - o e e o

by application of the chain rule.

(d) What is the probability that Frank was dealt a hand with no face edithat the card Eve turned up
in part (b) was an ace?
Solution: Let the event®\ F be as above. Each sample point will represent an ordering of the deck.

We need to count the number of sample pointsAin F|. Since the card Eve turned up is an ace, there
are four possibilities for it. Therefore,

IANF| 4.(8-7-6-5-4)-18!  4.(8-7-6-5-4)

PIANF] = = :
ANFI="g) 241 24.23.22.21.20-19

Alternate solution: Each sample point will represent the pair of the card that Eve turns ugldasv
the hand that Frank gets (i.e., the set of cards he receives regarfiteesorder he receives them). For
instance, one sample pointANF is (Ad, {9¢&, 10&%, 9,100, 100}). Calculate:

ANF|_ 4-() 1 (g
Qo 24.(5) 6 (F)

PIANF] =

(e) What is the (conditional) probability that Frank was dealt a hand wittaoe ¢ards, given that the card
Eve turned up was an ace?

8
PrAJF] = Pr,E,Ar[Q]F] = ((223)).
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