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Problem 1.1 (48pts) True or False. Prove or show a counterezample:

a. 12pts If P(A) > P(B) and P(C) > P(D) for events A, B,C, D, then P(AN
C) > P(BND).
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b. 12pts. If X,Y are both Bernoulli random variables (i.e. they can ’onlyb take on
the values 0'and 1) and E[XY] = E[X|E[Y], then they are independent
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c. 12pts Let X be a continuous non-negative (i.e. P(X < 0) = 0) random vari-
able with density fx(t) that satisfies 0 < fx(t) <1 for every t. Then
a median (value m at which P(X < m) = P(X > m)) of X must be
larger than .
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d. 12pts The number of distinct ways that k identical balls can be arranged into

n distinct bins is (T_%
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Problem 1.2 (70pts) (The parts of this problem are largely independent of
each other.)

Mary Jo Lisa is looking for someone to marry. This is the way that
matches are made in this completely make-believe society (for the first few
parts): she is paired up with a random person and can observe them. At the
end of that observation, both her and the other person vote “Yes” or “No.” If
both vote “Yes,” they get married and the process stops. If either votes “No,”
she gets paired up with another random person and the process repeats.

a. 10 pts Suppose that this society is governed entirely by Horoscopes. People are
born randomly and uniformly into the 12 signs of the Zodiac: arranged
in their traditional circular pattern. People will say “Yes” to anyone
who either has the same sign or either of the two immediately adjacent
signs. What is the expected number of people that Mary will
meet in this match-making process?
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b. 10 pts Suppose that instead of having 12 discrete signs of the Zodiac, the people
believe in continuous signs according to the exact angle from 0 to 2r that
the Sun marks on the Zodiac circle at their time of birth. (Assume this
is uniform and independent across people) They are wnlling to marry
anyone within +£6 radians of their own sign. As a function of 0,
what is the probability that Mary will end up meeting more
than 3 people in the course of this process? :
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c. 15 pts Suppose now that instead there are two kinds of potential partners out
there: 1 H-type (“Hot”) and 2 N-type (“Not”). Mary is H-type. For
H- types the probability that a rcmdom H-type is a good match to them
18 % The probability that an N-type is a match is a mere 136 Given
that her candidates will be drawn randomly from the population, what
is the expected number of people that Mary will meet in this
match-making process? And what is the probability that she

will end up married to a fellow H-type?

Pn) =
P(N)

: Plomeran i) = 2
z 3
3 P(mm-m\h)\ * Qo
P (remaomm perAoAnS & ,-Mh':\a\ = @ ramadenn pesan M.&M‘A\H\ Clr)

4+ Premdcivn  pervam rraicia \ Kb\ P(M>

= 3(3) - (EIWH
= 4 A

N a*’zﬂg

< "i'(g"' = Mo

P(W\Mv\ 3t rorne) de on ‘W) = Ply wah\
= Ploveren ) 0L

H(){M.u%»\ HS\F’(H} * Pl reoncin %Nt‘)'\f’lf\’\

B plagios

‘ P(M@fﬂtop'\ﬁ’ OA‘H‘} =




66\1‘0 N\ axt e S:.\mhah\

d. 20 pts (builds on the assumptions in part ¢) Suppose now that the observations
are imperfect. Mary knows that she is an H-type, but she cannot see the
underlying compatibility. She only knows the background proportions of
the two types. She cannot even perfectly see the type of the person she
meets. Instead, she gets a noisy observation that is symmetrically wrong
with probability p < % (i.e. The probability that she thinks the person is
an H given that they are actually an N is p and similarly for N’s seen
as H’s.) and so does the other person who also secretly knows their
true type.

The other person will say “Yes” if their noisy observation matches their
own true type. Similarly, Mary will say “Yes” if her noisy observation
says the person is an H. If both say “Yes,” they’ll get married.

As a function of p, what is the expected number of people that
Mary will meet in this match-making process? And what
is the probability that she will end up unhappily married?
Given that she is unhappy, what is the probability that she is
married to a fellow H?

(You do not have to simplify these expressions too much)
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e. 20 pts In another society, people are matched up in a completely different way.
Single men are ordered alphabetically by their names and marked with
their number in the list (So 1 is the first person in alphabetical order
and so on). Single women are also ordered alphabetically by their names
and assigned their number in the list. (Assume that this society has a
lot of distinct names and so there are mo two people with the same
name)

Then the two groups are randomly permuted and paired off until there
are no more left in at least one group. If a man’s number is not smaller
than the woman’s number, then they get married. Given that we start
with 2n men and n women, what is the expected number of mar-
riages that will occur?
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